
Semiclassical Quantum Mechanics

Given a Hamiltonian H = I + Mn )
,

the

2in

Semiclassical ansatz for the wavefn YH .t ) takes

the form Y = @

it C × # th
.

The reason for the

form will become apparent below
.

Substituting this ansatz into the time - dependent

Schrodinger 's egn .

onefinds
, @

a¥+±nH÷itrm÷÷ :* .

Contrast this with the Hamilton Jacobi eqn for the

claret action See :

a¥a+Imfgtxeftven) =o

�2�

Comparing to �1� above
,

O resembles See if

2¥ term on the RHS of @ can be neglected .

2×2

So if D= See tsmall corrections ,
then

one requires that (gs;f)2 >>hf2j×u=|
⇒ ptx) >> +12*12×1



On |{,÷| K 1 where A =

ft
is the

de broglie wavelength .

This B semidaesical regime of quantum mechanics
.

For a quantum system confined in a length

scale K
,

P = nd ⇒ p2= It
KL 5

where n is the eigen energy
index Cn =L corresponds

to the ground state )
. similarly tgP×~n÷

Therefore if p2Cx) >5hµa¥)
⇒ n2 he ⇒ nht⇒ 2

⇒ Td
A different way

to state the same result

is to write the time - independent Schrodinger 's earn

for eleven n as .

⇐⇒ an d¥a - Hennepin
where to % .

since En D t4zmG
when

n>>j⇒ This equation has the

formats is

€2 d2y/daz = QCNY ,
the subject of

WKB analysis .



Correspondence principle

Eto
be derived

- using WKB soon )
B

J pcn , da =
tu ( n +f.) T
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Wirt . . N= :
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⇒ DEI T =T to

dn To
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Half - period
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time
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Example :

rcn ) = IN

E

HE be ~ ( ntlz

)t- E

⇒ §
E 312

~ (
nt£)t

⇒ e~Ce@+⇒f
"

Hevenzk:# + L

LZ

⇒ he ~N2÷
and E~n2/3(]
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More Examples of Semiclassical

Quantization .

^

vcn )

Hindus
for His

Approximate way
to find eisenevengiod :

ant ~ start ~¥e
P

Shnidalsioh

EDV

WCEN ) = n÷

EXI
: Hammond oscillator

{ w2 htnn En ⇒ Ln~tFwI



HEN ~ n^
~jn¥n~fIEe

⇒

EgnewEn=Cjnw(

Correspondence principle :

GET =
classical freowenu

⇒ Cg = I

EXZ : Hydrogen atom

Consider I=O , arbitrary n .

En I - z

⇒ w~ E
Z

⇒ E÷I



write E=-cnz÷
To find C

, again we correspondence

principle :

datnn = waassicue

= 2¥

Tceamwl = 2

f¥r,
-21 En

^ Tm

g¥¥anI2t.IE#=2nZf2En)512=fen=-ID

V = In P%m= E - V



WKB Method ( Bender and

- Orszag ,

Gottfried ,

The Schrodinger's eqn is : Migdal ) .

( ¥ntg÷ .

+ real - E ]yem=o
we want to study this equation sanidaesically ,

i. e .  in the limit A → 0 .
so let's

Study differential equs . of the form

E2 y
" = any inline limit e→0 .

66
small highest derivative

' '

an example : Ey
"

ty = o
,

YC 01=0
, ya )

soln : Y = sin ( n WE )
=L

TH
with . E =/ n2t2

Mole that as E → 0
,

the �5� In . becomes

wildly oscillating for the whole region

Ofnf1 .

This is the hallmark of

WKB : there exist regions of OCD size

where the f " oscillates wildly .



.

'

JE

→ ←

Em
0

contrast this with the following eqn :

EY
"

+ ( Ite) y 'ty=o

yco )=0 , yci ) = I .

Sun : y
= j=ek

e-
1

- £1/E

for 1 >>n>> E
,

the son .
Is just Ee÷ ,

The solnr is rapidly varying only
for OSRFE .



^ E = Oo 025

Eatmonf÷⇐#

↳Boundary layer .

"

x

Thus .

here
'

one can solve in the region

nz{
without encountering any

singular

behavior .

The region NFE B called

boundary layer , inspired by its applications

In fluid dynamics .

A short detour :

Consider the fluid flow

→ u

What is the sizeare:*'fF'initiate.Him



Boundary layer emerges in large

Reynolds number limit .

F. F =afn+ Fy
=° ↳ FindYmpmssine

fluid .

¥a~± ⇒ y~÷
⇒ v = ¥

F . FF
= u F. Rv ) ( Newton 's law )

⇒ u # + rod =u (34+352)
an sy

~E¥¥n±T±oE
Thus

, Gte ⇒ 21ms . By matching

dominance of ~ ¥ ⇒ 8¥51



⇒ fractional size of the boundary

lager = E ~ FIJI ,

number

=

Baek to WKB :

WKB like equations have strong
oscillations

,

thus ,
natural to try solve . of the form

y c ni ~ est "8 where

S→o as e → 0 .

Eftaconsider sehndinso's eom "

|£=¥m
E2y

" = Amy
acn ) = rate

writing yen ) = esca "8
-

and perform a taylor series expansion

for Scn ) :



a

Scan = E8"
Snca )

.

n=o

i.  e . you = exp ( £08
" ← '

sncxn )

aunt =[If 8
" since ) ]

extension

. )

.

=

lg ( Enos
" shoes ] yen )

adf.gs#Eolsns'nemB2ye.
,

f- E%" s "ncm yen )

Matching
term on

both sides of

data
= any

⇒
ge÷ ( soft2=2 s :S 's tags"o

2 2

+
e(S 's ) + Is"st . . .

.=acx)



Matching
lermt order by order in tg ;

gE÷ 582 = acx )

e2 [ 258 s 's + s "o ] =

OFhis

2'S 'o Sh + S "n . s TES's s'n-j=0jet ( n >2)
we can set 8=E so that So is

independent of

En
.

⇒ sent ±tfaTn dn ' + const .

0

2 S 'o S 's =
- S "o

⇒ S 's =
- I

2510

⇒ ds ,
=

-

{d[dog(s 'o ) ]

= -1dog @cn ) ]
4

⇒ Ss Ca ) =
- } dog @Ca ]



substituting
these back into the

Schrodinger's eqn :

ycx )

ncsenp
lz [ HEda '

-

tfeedogaca
* . . . ]

+ cz exp lz ETAATCXI
dn '

- ¥
dogacxit .  if

~

Fangs

,a

enb ↳ { Is day

+ cz

as ⇐

eab HE§tanistry

See Bender
,

Ors say for the explicit
(

form of histor - order terms .)


