
Degenerate State Perferbation theory
-

As discussed above, perturbative corrections

involve terms such as X <<Hilph

-

and therefore naive perturbation theory
breaks down if x<C1 Hlph

In 1 -
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For concreteness, consider the following

spectrum for the unperturbed

Hamiltonian to i

- 3 states far removed--
from degenerate
subspace D.
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let's denote the states within the

subspace D of interest as

12), (B), (4) etc. and those

outside Das (M), 10), 1) etc.

Isame notation as Gottfried -Yau).

Then, if HIBY Tr I While
*
a - E p

11AM K2, thenon the

expects that the perturbation Xt

will significantly mix the states

within Damogust each other

while receiving only
a small

correction from states outside. Do



Based on this expectation, let us

write the perturbed eisenstates of

1a>=Cc(x) + 3 dre/ps)pr

where c = OK and do= 0 (d).

Similar to the non-degenerate case,

one can consider two different kinds

of matrix elements of the

schoodinger's equ. (B1H1a)=Ex<Pla)

= EaCB where (B) - D

and (Willa) = Ea (v1a)= Eadr

where 18) 4D.

Writing H = HotAH, and

expanding these two equations



after substituting (axEECa1x7+Edpe-pelp)
the second equation becomes

C01EEcla> tEcx [rIHilc)

+ C01E do Ep (p)

↳To Help Endo

0Cd2(

keeping terms only to 0(d) =>

do <- X EI
Ea - Eg

To the leading order, En
- mean

energy of levels within DED



=>do=XH1>.
Ep-Eg

So far, C are still undetermined.

To find them, let us consider the

second equation above obtained

by taking the dot product of the

Schrodinger's eg. with <PIG De

<B1Eca Ex1a) +Ex(p1He1c>c>

+EpIdsEr 10> + x2 do <pItir>
= Ea <B

We now substitute the above obtained

expression for do in this equ.



ETOPEPTEGCBItlshest
= Ea CB

This equ. motivate one to

& 9

define an "effective Hamiltonian

Heft that acts only on the

subspace D, and whose matrix

elements are given by a

<B1Heftlx)=<B1H012> + x <p1H1>

+82CUIHICL
ED-Eg

Note: compared to Gottfried- You, we have

I Iadded a term <BHok) to <pHett12).

This is just a constant shift



Then the above equ. for coefficients

c is nothing but the scholdinger

eq for the eigenstates of left.

To see this, we expand eigenstates

of text in the basis [123 for D:

14) = Ecc18). The schoodinger

Egur is Heft IND = Ea147

On

EptHeft 1c > cx Ea cp

which is precisely the above

equ. for CC [note that the

term ECB Holc> cc = ECcSapE
= EB Cp].



Therefore, we have reduced the

degenerate perturbation theory
to diagonalizing lie. finding
eigenvectors and eigenvalves) of

Heft. Since the degenerate

subspace for simple problems is

typically small, this is a much

simpler problem than diagonalizing
the full Hamiltonian H. The

outcome of this diagonalization

will be the coefficients [C)

land in turn the coefficients [dr3

which then determine the perturbed

eigenstates to 0(X), and eigenenerging
to 0 C21a



A few illustrations of degenerate state

perturbation theory

Example 1: let's consider the

following Hamiltonian "

H =- 2,22 + hCx1+x2)

↳= =2,4Ze+h(x1*12+1s@Xc(T

where KK1. Therefore, we wile

H = Ho thtte where Ho = -2122

and H= (x1+X2).

The eigenspectrum of Ho is

=+1
T0]

degenerate
#= -1 TT #E] 3 subspace



If we are interested in how

the perturbation hall modifies the

ground states of Ho, then we need

to study the effective Hamiltonian

feft within the degenmate subspace

D spanned by 100) and 1817. But

before we do that, let's first find

all the eigenstates and eigenvedors

exactly for any it. This can be done
because the problem has a finite-dimension

Hilbert space. Since [He x1x2) = 0,

the eigenstates can be labelled by
eigenvalues of the operator XIX2o



The subspace x1Xz= + B

spanned by the states

t(100x + 1113 and toss + 1207,
while the slubspace XXz = -1 B

spanned by the states

[(100) - 1223] and EC1o2> - 120

where as usual (0) and 114

devote disenstates of 4 with

eigenvalues and - I respectively.
let's first consider the subspace

X142=+1. The action of H

within this subspace is



H100x + 1223]

=-1[100x H112] +2h(110)
+ 103is

JE

⑧
and

H t[120x + 10837

= #1 [120x + 1013] +Eh [100x + 1112.SE

Therefore, within this subspace, H

may be written as matrix,

HE - I 2 h

I2h I I



The eigenvalues of H are

I, and the corresponding

eigenvectors are costos)[Is
+sin(2) EtioxI and

sin(02) [IE137- 1000)PAOM
where fan(0) =- 2N.

Let's next find eigenvectors and

eisentally within the subspace

X1Xz = -1



HE 21007-11137

=-f [100x -12237

1 h [1207
- 1022 + 102] - 1702

= - t C100x -12237

H1 [1087
- 12037

=+[ 1012
- 12037

+1 [1227-100) + 1007 - 1117]
5E

-t [102>-1203].



Therefore, within this subspace, H

may be written as matrix,

HE

Fe 1)
Therefore, the eigenvalues are

F1 and the corresponding

eigenvectors are 12
and 10), respectively

Using these exact results,
then

the perfurbed eigenstates and

eigenetes within the subspace

D) are?



- E=-1, (100) - 1117) /2

-Ez-1-24,21)
JE

let's how derive this result using

Heff for the degenerate perturbation

theory. Recall that the
spectrum of

Ho is

to Mos

degenerate

N ] subspace3
D

Therefore, in our rotation,

21033= 100), 121)

51823 = 1817, 1107



200 1 Heft 100Y

-1001 to100 the cool42) 1007

The
+he

S21024x1txo
oe

-= +8

the 2001(x+42) 110) [201x1+42> 100)
--

- 2
*I v

I-d-pe

Similarly, (11 1 Heft 181) =-1-h,

While (001 Heft) 11) is given

by,



2001 Hett (187

=sooltoethcoolfet-onlineres
- 2

the

*
I10>SOINRKLI

& - h2

Therefore, as O matrix, Heft

E
- 1-h?-12

I 2 I
- h -1-h2

=)-2-h3)1- *



N

Where X acts within the

degenerate subspace of

* 100) = 118) and 41137 = 1007

= The eigenvators and eigenvalves
are "

E-1-h-=-1-2h2I

less:
12s

and Ez = -1-1+he = - 1

with IEz=
=

111}

*E

which precisely matches the
expression oblived above using exact
calculation expanded to 0C).


