
A few illustrations of non-degenerate

perturbation theory

Example 1: Consider a spirile system
↑

with H = --4X with

↳1. We can solve for the eigenvectors

and eigentaves of Hexactly as
discussed earlier, and then verify that

the perturbative result matches with

the exact answer.

exact solution: The two engenstate

are given by 10)
= (ccoL

and 1 = [FinCois



where tanp = h. The corresponding

eigenvalves are #<- The,

e= ↳ ITTh2

To compare with the perturbative

solution, let's expand the exact

eigenengies too 0CG?) and

exact eisenstates to Och)

E -1+12], lp /E]
EW at he 9 1231].I



Perturbative solution

We write H = Ho +htle where

a &

Ho =-2, and He = -X.

The eigenstates and eigenvalves of

the unperturbed Hamiltonian to are

183 = (7 to <-I

1Es) = (8] Ez = f 1 o

The perturbed eigenenergies to
0C4?)

are therefore,

E = to thIEs 1 X I EoT

HIE1L1" +O(13)
-Eo-Eg



Now <Eol*1Eo] = 0

and <to 14 (EgL = 1 =

E's - to - t = -1-h?E
toCu3( to(h3)

while E = Ez +h <4141 Ez)

the *1Ese
=1 t Le + 0C437.

Similarly, IE's) = 1E0)IES lEs)
to - Eg
- 0C2)

=1E0> + IEs]
= 11] + oct



while (E =lEs] theIELLlEcecz
= lEs] -1 lEo] +0((?)
= Fr] + occ
Therefore, the perturbative results

agree with the exact results to

the order we are working at.



Example 2: Consider the forced

harmonic oscillator,

a
H =t2 -F
- Ho-F-R

where FK 1.

One can again find the exact

solution by completing the square:

H = F12 +b2 -EC

=iR+E2 -F2E>
where $= D-F. Since

34'= -, the spectrum of

H is En = (nt1) - RE-
2

with M= 0, 1, 2, .- 8.



while the corresponding eigenstates

are given by
- iF

In) = e InTo where

Ino is the unperturbed eisenstate.

This is because ot HW = Ho-F2
-iF E

where V C crecall that

womuntain operator generates translation

let's verify these exact results

using perturbation theory.

Perturbative solution:

En = EO + 141-FelnYo

tenFx1m3c1?
Ex-Ep



Now, R = fat and therefore

U1sImbo

=CmsintaST
=>the term linear in F vanishes.

= En = EOn EeAd NT
= EM-E2

= En = (ME) - be in agreement

with the exact result.

One may similarly verity
that the

perturbed state (n) matcher beeshowbot



Imple3: Next consider an example

that is not exactly solvable.

Consider a Id harmonic oscillator

with relativistic kinetic energy

H = Stpe-M + m

2

Let'scalculate the charse in the

ground state energy to the leading
order in 1/m

By. Taylor expansion,

HW fetnem-1
8 m3
- -

Ho Hy



Since (4201p4(n=0) is non-zero,

the leading order change in the

ground state energy
is given by

Ato:- (=0lp*(noe

-> pR
2N

=is IT" SAP** &
->

Er


