
Tensor Operators and

Wigner - Eckart theorem

Let's recall the definition of a vector

operator
:

a vector operator transforms

like a vector under rotation . Specifically ,

if Ii is a vector operator with

three components (in , iy ,
Vz)

, then

under a rotation implemented by the
- i j

.40
unitary operator (CR) =

e
9

DACR) V
;
DCR) =Rij Ys where R

is the 3x3 matrix that implements the

rotationFor example , consider a rotation

by an angle O around the Z-axis .
For

- iJz0
this case . DCRI= e and R is :



R = cos(0) -sincol O

sincol cos(0) 0
so that11O O O

- -

the rotaled operator has components :

= In coscO)-vy sincol and

Yy = Yycoscol + Vasincol , exactly
like the components of an ordinary
3-component vector subjected to rotation

around the Z-axis . If one chooses the

rotation angle O to be infinitesimal ,

then the equation DHR) Y : DCR)= Rij V;

becomes [Vi
, 5j]= isisk Ym .

n M

i . e . [VR
, JyJ = i Vz

SYy , z]= is

SY2 , Ex]= ivy etc
.



let's write these commutation relations

in a slightly different way .

Let's define
o
=Vz

, Is= Ferity
52

One may
then rewrite the above

commutation relations as
,

[5z : Vm] = m Y
M

[51
, Ym] = fixt-man11 i m= 1

where j= 1 and m = 0 , 11 .

Note how closely these equations

resemble

521j , m> = m1j ,my

-

and J11 j,m) = 1j(+1)-mcm11) 15 : M=2?

with = 1 .

Therefore , a rector

operator somehow resembles 15= 1 , my
.



However
,
we can't equate an operator

to a state . A precise correspondence

Yis that my 152 ,Ma) for any je and

me transforms under rotation in

the same way as a state

1j = 1 ,
M> 4 1j

!
M27 -

This directly
1 1

follows from the above commutation relations :

= Um
1
~, M2716
2

= ([5z
, [m] + vg5 (1jemz7Z

I me m
1
-mast "My Me 2Maye

= (metma) Vmg)" m 7I 2

2n

compare this with Jz1 j 21 ,me>1jz ,McL
I

= (5xz +52z)1j1= 1
, m 81j2 , Met

=(m 1 +M2)151= 1 , M1> 81j2 , M27



Similarly ,

N

II VM1/j2 , M27

=)[51 , vmg] + vmg 51)152 , M27

= /+1)-mm11) Vm=1/j2 ,M27

-

+ Vm1 /jz(jz+1) -Me(me 1) 152 ,M211)

where j1= 1 .

Compare this with
,

J = 1j1 = 1 , M1> 0 152 ,M2)

-> (J1 = + J2 1)1j1 = 1 , M1> 0 152 :M2)

= + 1) -mm,11) Ij==1
,
M ,110 152 ,M2)

+I (1)-Me<M2F11 1j ,=1 , my>01J2 , M2I1L
.

Therefore
, we conclude that Vm, 152 :Me)

indeed transforms like Ij:=1 ,m> 132 , M27 .



-> Acting with Im on 132 , M27

is akin to adding angular momentum
-

1

of unit 1 to the state 1j2e M27 -

We will soon see consequences of this

statement below in Wisher - Eckart theorem.

But first , let us generalize above

discussion by introducing tensor operators .

We define a tensor operator of tank
&

j as a set of operators Oj,m with

M =
- ] , -571 , ... j-1 , j

Ci . e . 2jt

components) that satisfy ,

N

[I2 : 0
,

1 = m ;,mjm

[51
, %j

,
m] = fix- mm11) j ,m=1 .



Therefore
, a vector operator is just

a special case of a tensor operator

with j= 1 :

following a deviration identical to above
,

a state &j1
, Me152 , M2) transforms

under rotation in the same way as

a State Ij1 , M17 01j2 , M27 .

-> Acting with j :,My on 152 , M27

is akin to adding angular momentum
-

of unit js to the state Ijee M27 .



Wigher Eckart theorem :

To motivate the discussion,
consider applying

an electric field along the z-direction

to a hydrosen atom . Using perturbation

theory , one can show that the energy

levels are shifted by an amount

proportional to <Enl I Ens where

IEn> denotes eisenstated
.
Consider for

example (En)= 125 state) i .e .

principal quantu number n
= 2 and

orbital angular momentum i= 0 · We ask :

which Ian) with principal quantu number

n= 2 can have a non-zero matrix element

<Eml2 I Is state) ? The answer is

that IEm) can be only 2p state with

M= 0 i .e . D = 1 , m = 0 -



TO see this ,
we first notice that

R

I is a 0-th component of a

Ivector operator i . e . Z =

o in our

rotation above .
Therefore , 210 = 07

transforms like Ic=1 , m=0 &1=0 ,M = 07
.

using angular momentum addition rules
,

this state transforms like j= 1 and

m = 0 , and therefore
, /Emb must be

the 124 state) for <Eml2I2s start

to be non-zero
.

Now we generalize this discussion

in the form of the Wisher- Eckart theoremi
-

(a j m 18s2ms12
, 32 Ma)

=<jm1j1j2 ; M , M2) - (j , jx52 , x ,2)

where JIMI is a tensor operator of rank



j1 ,
2 ,
x1 are some arbitrary

quanturn numbers other than the

angular momentum ,
and I is some

function of J . j ,, 32 , 2 , 21 that has

to dependence on m , M y and Me -

<]m1 J1J2 ; M , M23 is just the

Clebsch-Gordon coefficient relating
1j ,M,30152 ,Me) to 1jm) .

This

theorem implies that the ratios such

as <' , jm12Me/c
. j2 ,M27

-

< ;m"18jsm's / < , 32 ,m'2

I <jm1 5 , I2 : M, M27
- i .e , it is

<3m'1 j , J2 : m : mich

independent of < and x !



Proof = We again consider the defining
-

commutation relations for 8jm , namely ,

[5-: j,m] = mo ;,m

I[ *1 , %j
,
m] = fix-mm11) J ,M11 .

Consider the matrix element of the

second eg . between a 'M'l

and 12 , jm) =>

12 j m 1J
=
8 j1 my /j2 M27

- <'j m 1;TI 12 , j2M27

-

=Jj(t) -mcm=1)< j m 18 je mek, jame)12 1 1 I 1



=I+1) -mI2 <'j ,MF118jmajcm)

= Iit)-mate) (2 ;,m 10j,mla, j2M=1)
-

+ /j(t) -mcm=1)< , j , m 18j ,mak, jame)&1 I 1 1 I 1

Interestingly , exactly the same equation
-

is satified by the C-6 coefficient

<j , m1 31 J2 M , Me] ,
where

1j , j2m , me) = 15 , m> 1j2Me) ·

To see this ,
we write

I -

m1 j , jz mim] j , 2mim(j , M1 =
- A <]
MiMe

Applying I on both sides and taking the

dot product with 1j . jz mime) implies ,



-

1j(j +1) -m<m=1) <j ,MI11j1j2m+Ma

I

I I

I &
/ A <j ,I jijz mim <j , 32m

,m =
1 jijz mimes-

MiMe

luing 51 = 52 1 +521) =
=I

scam, Michsizmen'elj,Jz ,Metae
mim'e

I

[ (j ,m15,Jemi m') <jiJem'm'2/j , J2 ,My , M2 11)
mim'e-
jjz(jz7 -Me(mz= 1)

In the first term
,
the dot product -> M/=M,11,

m= = M2 . Similarly , in the second term
,

R' = M , , M'2 = M2I 1 =
-

1j(j +1) -m<m=1) <j ,MI11j1j2m+Ma

-Mimieas somehehere



This is precisely the same recursion
-

relation as the one devived for the

matrix element of the tensor operator Ojim ,

Therefore ,
we have two sets of

recursion relations , [aij1j= 0
I

and Iaijy; with eia matrix
I

elements of Dim and yirc-6
coefficients

.

The only way to sadsty
them is vix yi i . er Ri =

cyi -

Thi concludes the proof of the

Wigher- Eckart theorem .


