
ArtSpace of Metron
The Hilbert space of electron is

spanned by the basis states

3 Inb > ~ 1j= 1 , in = "27 ,

14- * (i = 1 , j2
= 1) 3

where 15) denotes a bet corresponding
to the positional desrees of freedom

while Ij = 1> jz= 1) denotes the

two dimensional vector space corresponding

to spin degrees of freedom . Any

operator acting on electron can always

be decomposed into a Sam of

↳- jiS girthe form O where

acts only on the positional degrees



ji actsof freedom and
s only

on the spin degree of freedom .

Any state corresponding to electron

may
be expanded as :

p14 = -4) 1581j= 2,2)

+ [4
-
(r) (4)(j =1 , jz

= -)
↑

Therefore
, one may

write the warefuncion

<5/p) as a two-component

object <514) = /4+(r)5j22+!↑- (r)- jz=-
where [b] denotes the state corresponding
to 1j= jz= 1) and [P] devoted
the State corresponding to 1jz1 , jz= - )



erof rotation :

Election carries both the orbital

angular momentum (with = arbitary
integer) and the interal angular

momentum (spini) with =1/2-

The total angular momentum

is given by
j = 1 + 15

where I devotes the orbital
-

angular women turn and S

devoted the internal spin . The

rotation is generated at :

i (* 1). n4 y(15)-nsO
e & 147



Addition of Angular Momentum
-~

I -

Main question : Given two spins S2 andSz

transform in the j1 and Iz representation

respectively (i . e . whose angular momentar

matrices are (2j1+1x(251H) and (Uz+1x2i2+1)
-dimensional) , What are the eigenvectors

->

of the sum ⑤ I He + 11S2 -

By construction [Si , Sj] = isijk sk ,
therefore I is also an angular womentum

operator . let's abel the eigenstates

of 5, , 52 , 5 as 151 M17 , 152M2)

and 15 m , j , j2 where j is as

yet unknown .

We want to find

is m , j1323 in terms of

151 my> & 152 Me) ·



Main result : The allowed values of

I are I sale (js-jelt1 ,....,
j1tjz ,

and for each allowed value

of j
,
'm take values-j , -it' - --stj.

as expected for an angular wowentam .

Since S2 = S12 x 12 + 1e xS2z
=> if I'm

, ja j27

= [7j : M ,1 <j2 M1 ; m , j 1 52)
m, me

then only the values of Me : M2

that satisfy m
, tm2

= M

are allowed .



A basic check on the above result

B that the size of the Hilbert

space is preserved ,
of it should

since we are just changing the

basis from 15m 132meL to

15 Mej , j2)-

Size of Hilbert space insing the

original product basis Ij , m! 152M2)

= (# of allowed values of Mil

X (" 1/
-" M2]

=(2j, +1) x <212+1) ·

Size of Hilbert space uging the

new bas' 15m , 5 , j27
= Cassuming 51>52)

D

2j2
&

I [2(j1 - j2 + i) + 1]
i= 0



=(2j2+ 1) + 2(j1- j2)(252 + 1)

- (252+1)

=(2j2+1)[1 + 2j1 - 2j2 + 232]
= (2j1+ 1)(2J2+1)

-

A shorthand notation for the main

result is that

252
j1 xj2 = 0 (151-jal+ i]

i = 0

For example ,

1x = 00 1

i . e . adding two spin's spire

leads to a direct

spin-o and a since Hilbert space .



Generaledure:

Given the task of adding spire

j , and Je ,
it always helps to start

with the state 15 m = j1> 152 M2= j2)

because there is a unique state of

the total spin with Sz= Jit12 ,

namely the state 1j , tiz M=j1t5235,5)

Therefore Ij , tic M= jtiz , 3 1 327

= Ij , M1 j1> & 152 me
= Dz7 ·

To obtain other states with j=jitiz
that have other values ofallowed

in values , one applies S-

= S
- 112 + 11 S-2 on both

siden repeatedly · This gives all

States with j = 3 , +32 ·



Next , wounder j = j1+12=1 -

Now , the maximum value
of m

is jitiz-1 .
There are only tw

States in the product batis
with

this value of M , tM2= M .

1152-1 m= 51+32-1 < 51327

=

A 1j , m = j1> & 152 M2 = 12-17

+ B1j2 M= j1-1 -15 M2=j27 .

We have two constraints :

- This state must be orthosoval

to 1j=jitiz m= 5152-1
, j 1 527

↓ Al +B2 = 1 .

One can choose

all coefficients to be real
.

This yields As B.



After applying -
to both side

,

one obtains the expressions for
all

states with j= 51+12=1 ·

One can then move outo j = 51]2-2

and obtain the highest in state

using analogous procedure and

keep repeating this whole procedure
until one reaches j = 15-J21 .

Shankar's book reviews this

procedure in full detail if it's

not clear from these noter (we

will do explicit calmations to

illustrate it) . The following
identity is

useful :

J11 ; m > = 15- m 11) 1;m11



Example 1 : Adding two spin- spira

following aforementioned result ,

↳ * z = 0 1
.

1j = 1 m= 17 = 1j = zm
=1)x(j= m=!)

To obstin 1j=1 ,
M= 07 we act

with J
-

= J -1 1z+ As J-2

onsides 1j = 1 , m i
=y+1)- 1
((j = zm = 270(j = 2 m= 2)

+ (j == m =170(j ==m=

-2)



-> 15 = 1 m
= 0>

-z((j = Em =
-=)a1j =1 m=2)

+ (j = = m = 17x1j = m= t])
One cam obtain the 15 =1 , m=-17

state either by acting with J-
on 1j=1 m= 07 , or ,

more simply ,

by observation that there is a

unique state in the product

bas's with m
=

m, tm2=- 1 .

1j = 1
, m = -1

= (j = m= 17x1j =zm = -27 .

Next
,
we move to j = 0 State .

There is only one state in



this sector , namely 1j=0 m=oh .

It must be orthogonal to 1j=1 ,m=%)

and therefore ,
it is

15= 0 m=0) =

jt((j = Im =
- )x1j =1 m=2)

-> 1j = ! m = 17x1j = m
= -t])

Note the relative min sign between

the two bets
.

This completes the construction

for &2 = 0 & 1 :



Example 2 : Adding two spin-1 spire

-0 & 102 .

We start with

1j=2 m
= 27 = 1j = 1m = 17x1j= 1 m= 17

which is uniquely determined .

Applying J- on both sides
,

--2x1 = 152- 10(1j= 1 m=0>0jz/m=1
1j= 2 ,m= 17

+ 15=1 m= 13 01j = 1 m= 0]]

=> 1j= 2 m = K

-(j
= 1 m=0 jzm= +j=1 m=181j = 1 m= 07]

Applying - once more ,

↓5 Ij = 2 , m= 07

=-[1j1m = -1715= 1 m=1 + 1j 1m=085 1 med
52

+ 1j= 1 m= 0(815-1 m=ob
+ (j = 1m = 13x1j=1m= -1)]



=) 15 = 2 M = 07

=j((j= 1m= -1715= 1 m=1

+ 215= 1 m= 03 &15-1 m=ob

+ (j = 1m = 13x15=1m= -1)]

By symmetry (or by applying J-)

1j= 2 m = - 17

-(j
= 1 m=0 jzm= +jE m= 1 x /j = 1m= 07]

and 1j = 2 m = - 27 = 1j = 1m = -1)-1j=1m= D

Next we consider j= 1 sector .

1j= 1 m=1) must be orthogonal to

1j = 2 , m= 17 . -)

1521 M=117 =

= (1j= 1 m= 1 1701j= 1 m = 01 -

1j = 1 m = 07 1521 m= 117]



One may now apply J- on both

sidey to obtain (j=1 m = 07

= (((j = 1m = 13x1j = + m = - 1)

- (j=1 m= -170/j = 1m
= 17]

finally to obtain 1j=0 m= 07
,

it

must be or thosoval to both

1j = 2 m= 07 and 15 = 1 M = 07
·

One may obtain it at as
scross-

products of these other two rectors

which gaurantees orthomortality :

1j = 2 M = 07 =

1521m= +1701j= 1m==1) (j=1m=07/21m=0'1j=1 m= +>
!ej= 1 m= 17

I 1/56 i E 1/
-

I i 0
:
-1

E -



=

- j
= 1m = 11j=1m= -17

+ 551m =0 01j=1 m= 07

- 1j21m = - 101j = 1 m = 17 ·

More generally , given N-1 orthonormal

rectors VI . Va , --VN-1 that live in an N

dimensional vector space , one can find a vector

Un that is orthogonal to all of them as

& &

Vi= def
es ---- er

VI
,
1 VI2 ----VINI i I / E 1

where Se :3 car e and
-

Vi , x is the with component of the vector vj -


