
Fisenvalues and Eisenvectors of Angular

momentar

Since La don't commute with each other,

We can't diagonalize all of them at once.

What is the maximal set of operators

that can be diagonized ?
x

Answer : (2 :, -2) where 1

can be chosen to be R , y , or Z .

Check = [ti
,

+ By+ 2)20 .

Let's devote eigenvector as 12
, B>

with (14 , B) = <(c
, > (Exx0]

↳ 12 , B7 = B12 , B7 ·

Define raising and lowering operators

Canalogs of ladder operators at , a

in harmonic oscillator) .

Lt = Lu IiLy
-

check : [12 , 21]= 11 1 ,



and [22 , =1 = 0
.

why are these called lowering /raising

operators ?

↳2 L + 12 ,7

I [L + # k + 12312 ,)

- L + 1x,>
+ BL + 12, B)

=(1+B)1 < , B7

=> + the L2 eisenvatre

by 1 . Similarly , LzL-12 ,)=(B-1)K, By

Since [L+ (21=0 ,
Lt does not change

22 eisenvalue :
1
*
+12 , B) = &12 , BT .

Since I-L=+ by is a
2 > B2 .positive definite operator E /

2) It cannot keep raising 22
eischralle indefinitely .

There must

exist a state 1 , Bmax] so that

1+ 12 , Bwax] = 0
.



I L- 1 + 12 , Piax) = O

But L-212 (La-izy)sutily)
=In+g-L2 = h- -bz

=> 2 - Bimax-Brax = 0

= 2 = Bmax (Braxt 1) .

Similarly , L_ cannot indefinitely lower

↳ eisenvalue due to the bound 2/B?

There must exist a State K . Bwin
so that L_12 , Bwin) = 0

· King

similar steps as above
, X = Brin (Pain-1) .

Compaining the two expressions for

2= Bras(1+Bwax) = Brin 2Bmin=1)

2) Bain- - Brax (the other

possible soln is not reall .

The only constraint on Brid and

Brax B that Brax-Buin= 2Bmax
B an integer -



> Brax = integer - with
2

j =

0
, I - 1 ,

etc
.

=> X = Bmax (1+ Bmax)
- j(j + 1)

= 0 , 2
,
etc

.

from now on
,
let's demote B as m

=j , j-1 , j-2 , .
. .

.. ,
-j+ , -j -

Thus
,
altogether , for a fixed

j (i . e . fixed Bras)
,
the Hilbert

space has 3itt or tho normal states Ij ,m)

each of which correspond to a

distinct M I eigenvalue of 12 .

-

2
L 1j , m> =j(j + 1) 1j ,m)



22 15 , m> = M15 ,my ·
As we will soon set ,

when j
= inteser , Lx are standard

angular momentum operators Since

Le eisenvales are integers ,
and

therefore 10 ,41j ,m = e
i me fol is

single-value (i . e . eime=e
im14-2C,

However , when j =2 ..

i . e . half-odd-integer , than La

cannot be interpreted as a

standard angular momentum operator,

ime is not single-valued.Since e

The only way
to make sense of

this

care is to work with multi-component

we will returnwaref" eg . P
= (=2]

to this later
.



Block diagonal structure of i
-

Above we determined <J miLz1j' mix

and <]mIL21 ;'m> ·

Let's now also

determine <jul tal ;'m' and <imly's'm!

Based on above discussion
,

LI 15m) = 21Dj , m) (j ,mI1)

-><j'm'/(r1jm> = fai > ms 85j'

Similarly for Ly .

= my
:

st diagonal
Block -I

I ITrea



The commutation relations [L ,RBI=i2<PYM

are satisfied by each block separately .
(ji-2- [LY ,) = is Y si I

16 99

Physical meaning of different blocks :

They correspond to different irreducible
-

representations of angular momentum .
-

-

Vector operators act like I + , J=

-

Consider a vector opectator V i - e r an

&

operator that satisfies (V ;, Ij]=izijkVR
=> [Vn ,Jz]=ziVy , [Vy , J2T= iVe
2) [VntiVy-32] = -(UntiVy)I

= [J2
,
V+] = Uts [T2,V-]=-V-

Consider the state V+Ij ,my

Jz V+1j , m) = (V+
+ V +Jz)/j , m>

= (mH) ( V+1] , m>) => Ut outs like

It , similarly V-act
like .
I-



Explicit form of Ji matricle of various ;

from now on
, let's denote Li as Ji , as

is more conventional Chi typically refers
to j= integer , while Ji refers to both

j= integer and I = =x odd integer) .
To figure out the matric corresponding
to Ji ,

we need the matrix elements

/j,m J : 15 ,my for a fixedj - to do so
,
we

first need the numbers C1 , C - in

J1/j ,m3 = 21 (j ,m) 1j , m= 1)

To obtain CI , we take the overlap of

J11j ,m) with itself :

(j ,IJI 1 15 ,>= 1C= (j ,mil2

Iwe are assuming that the states /jim)
are already normalized) .



Now
, j , mt J = J11j ,m>

= <jmI (Ju IiJy((JuiJy) Ij ,m)

= (j ,mI 54 +J [i[Jy ,Jn]1j ,m>
= (j , MI 52-52 I Jz1j ,m>

- j <j+1) - me Im

= 2 + (j ,m) = 1,- mcmE1)

upto an irrelevant phase factor that we

Set to 1
.

=>

I11j ,m =1mcmt1) Ij ,m= 1)

Combined with Jz1J ,m= m1j ,m) , we

can now determine the matrix elements

Si ,m' Julj , my , 5 ,m' Jylj , m , (5 ,' J21j , my .



(jim 1 Jz1j,m> = m 8 m
,m'

-

(j ,mil JI1j ,m> = / jajt) -mem=1) 8m
,mI1

=>

(j ,mil Jalj ,my

=>- -mami) 8m' m+2+6-memE Siman)

(j ,mil Jy1j ,m>
-

=> 141j(j+1) -m(mi) 8m' m+2- -memE Siman)- ↳
2i

For example , for j=1
:

Ji = 5: [U ; are thePauli

I matrices]
while for i=1 ,

in = = ] , Ty: =- E
I 0

I
52 = (888)O

ab one may verify from the above devived general
expressions-


