
DeityMatrix

Given a pure state 14) , the expectation

value of any observable 8 wirt . 14) is

18) = <N814)

=tr[14>/418] where tr= trace

To show this , recall that trace of an

operator is tr = <4 : 11 bi)

where [14 :>3 is any orthonormal basis .

It is important to note that it doesn't

matter what basis one use .

To calculate

tr [14)<418] let's choose a basis

where one of the elements of the basis

is 1p itself . By construction , all

the other elements in the basib set

are orthogonal to 1p) . Let's call
1P>= 141) and the other basis elements



are 142) , (Pz) , ... etc .

=> to [14>48]

I E <4: (4) <41814i>
9

=> <4 , (n)<No14i+[ <pily) /polpis
i)1

= (p14) <418143 = <4814)
where we have used that 10 .= 147

and <kily) = 0 for is Since the

basis is ortnonormal .
36

The operator 147P) is called density
e

matrix' and often devoted as P.

Therefore (PIP) = tr(P) where

p = 14><p1 . is the quantum

analog of a probability distribution

fr <p .Af) since given a classical p .d-f ·

& CK , 12 , ---Kn) Oven n variables



R1 , R2 . --Un ,
the expectation

value of an arbitrary fh fee , ---unl
is given by ,

[87 = Sax -- dxn Ple , De--n)f(e - --An)

= tr[pf] if we think of

p as a diagonal matrix! Ofcourse,

the equantu density matrix = 14741

when written in a generic basis

will have off-diagonal elements
, and

has many non-intuitive properties (e .g .

quantum entanglement) , so this

analogy with a classical p .d . f -

only goes so far
.



Quantum Entanglement
-

Consider a composite system whose Hilbert

space is LA & HB .
We say that

a

State (4) in this Hilbert space
is

unentangled (or "separable"
if and

only if 14) can be written at

14) = 14) A x 14TB

where 143 and 147 live in Hilbert

spaces CA and LeB respectively .

Let's consider a few examples :

(a) 107 10) and 117811) are clearly

unentangled .

(b) (10) &11) = 117410)) and

(10) 10) I 1170113) are ented

i -e . can not be written as 147A*10TB ·



(x) 1074107 + 117411) + 107811) + 1170107

is unentanyled/separable because it

can be written as (10) +117) &(10) +117).

These examples illustrate that
it can

sometimes be difficult to tell if a

state is entangled or not by a quick

inspection. Fortunately ,
there is a

number one can
calculate that is

zero only if the state
is

unentangled . This quantity ,
called

von Neumann entanglement (or entanglement

entropy) is given by

SA = - Tr [PA logPA]A

where PA
= tr (1r> <+1)

where tra , tri denote partial traces
-

over HA , HB respectively .



specifically , for any operator
o that

acts on HADUB ,

tra 8 =ICAl8 (Ai7 where

1Ai) is a complete basis for UA .

One similarly defined tr · Note that

tro is an ertor that acts

on the RB= the Hilbert space
that

was not traced
out .

Note that one may also
write the

entanglement SA = -EXi A log DiA

where diA are eigenvalled of PA .

Let's consider a few examples .



(a) Let's first consider any separable
State : 147 = 14A) & 143] so that

P = 14)<4)

- 14A) -1DB) <$A * <DB1

Tr= I Bi 10 Bih where

IBis is an orthonormal basis for LB .

One may choose (4B) as one the basis

elements and the rest are therefore

orthogonal to (B) => PA =

TrBP = <DB)(4*/ <Al<aBbB
I (A) Al

Since this is a projector outo IA) ,

this operator has only one non-zer

eigenvalue , namely , one .

=> SA= 1 x dog (1)
= 0



(b) 143 = 5 2 103410 + 114423]

PA= Tr 14> <4)

=> 3014)<4107 + 1/4>>4/13

14) <Pl = 1 [107 A 1043 01501
+ (17114411 , 11 + IO10T, (11,11
+ 117 1173 /01501]

In the ti , only the first two

terms yield non-ranishing contribution :

PA = - (10), 01 + 117A, 11]

I
=

=29]
=> SA = - log(t)

- Idog(t)
= Mog(2)



statesisstates

A single quantom state /4) is called a

pure states . The corresponding densitymatrix

p = 14) 41 is projector i
. e . it salbfies

& = P -

Next consider an ensemble of such pure

States [Ivi)3 .
Let's say the pure

state

14;3 is prepared with probability pi . The

expectation value of any
observable o is

then 183 = Epi <pilolix
I

= I di Tr ((pipill
= Tr18(4 : 14:pill]
= Tr18]

where = I 4 : /4i><pil is the

mixed-state (or mixed density matirix)



corresponding to the ensemble [14i)3 .

As discussed above , a pure State IPT

defined over the tensor-product Hilbert

spac HA * Up is considered ventangled

Cor separable) if ly) can be written

as 14) = 1PA> * /PB) . In a similar

Spirit , a mixed state p is considered

unentangled/separable if it can
be
-

written as = I 4: /PiA>0lpi) /dinle <DiBl

where pi>0 are some numbers . Let's

consider an example ·

Consider a mixed state that is an

equal mixture of the following to
entangled pure states

14 ,
= j(100) + 1113) , 142)

= #(1002-1227)



That is ,

8
= =(14 ,)4 ,1 + 142) 41]

One may naively think that O is

entangled since both 14, and 1427

are entangled . However , this
is am

incorrect guess . After substituting
the expressions for 1417 , /42) , one finds

p
= 1210074001 + 12174211]

which is clearly of the form

P = [4 : iPiA>elDi> <Diale <kil .

and hence not entangled .
Compared

to pure states , it
is a much harder

to determine if a given mixed state

is unentangled .


