
siteHilbert spaces

Ex . 1 . Consider two dishable particle

in a harmonic potential :

H = 1classically , +22 -min?#me
e

Quantum mechanically , one neede
As

first define the Hilbert space for this

composite system ·
For a single-particle ,

one choice of basis is (e) . Another

Choice is In) where n = 0 , 1 , - - G

devotes eigenvale of at a .

For the two-particle systan ,
one way

choose the basis to be

11) & (12) ·
Another possibility

is 11)x(z) . Here & denoters



tensor product of States, whose

meaning is as follows
.

Consider

an operator Of that only acts

on particle #1 . Its action on

1k1) xM2] is defined as

⑧(Ing)(2)) = 17 W2]
.

Therefore ,

in the composite Hilbert

M

space , Or may be written as

* 12 where As devotes the

identity operator acting on particle
8

#1 . Similarly ,
an operator 2

that octs only on particle #2 is

more precisely
written as

11 C , and acts or



11 c ky * (12)

=(e) 02 K27 ·

More generally
y

one can consider

R

an operator by ⑰ O2 that acts

os 8. (Inlach(
= sMy 2

127
.

Inledstates :

Above , we mentioned one possible choice

of the basis states of the form

In
, & (2) on In3x1nz) -Both of these have

direct product form 14, * 1627 where

1) lives in the Hilbert space

belonging to particle 1
,
and similarly



192 belongs to the Hilbert space

belonging to particle 1 .

One may

also construct states that do not have
-

this form .

For example , courider the

state that still lives in the Hilbert space

belonging to two particles in a

harmonic potential :

14) = 111 = 03 & (12=1) + 171=17 x142
= 07

where n , he again denote the
occupation

-

numbers at ,a and at as respectively .

One can show
that there exists

choice of basis states in
1 and 2

so that ly may be written
as 197 *&7

In other words , there does not
-

exist any unitaries U1 + Uz



acting on the first and the second

particles respectively such that

n , He 1P= 14, (2) .

such states ,
which have a non-direct-

product form in any choice
of

bas's are called ed and

they can have very counter-intuitive

properties with no classical analog,

as we will discuss soon .

EPR experiment with 14) = 11, 0)&I D+ In-Daino)

space-like separated .
Record of Measurement

-- outcomes :
&. . BA ③
u ⑳↳

↑ entangled I
↳ person A personB

particle pair Particle
n = 0 n=2 11 2

11= 2 Me = 0

perfect anti-correlation but still I faster
than light communication because they
would need to compare their records to notice

the

perfect anti-correlation !



Eigenstates and Eigenvectors of two

particles in a harmonic trap :

Based on the above discussion ,
the

Hamiltonian H
= +2211min#mwee2

can more precisely be
written as

H=( + Emw)* 12 +I (2)

for brevity ,
the terroring with is or

He is generally omitted .

The above Hamiltonian has a
a a

separable form in 01 12 + A1002 :

An example of a non-separable Hamiltonian

would be above H+ Ky Ky -

Since I is separable ,
one can

diagonalize its two picced separately:



M =waa+* Ac+ 1xxcatan+]
where as= Imus+ i I mi **

and a = + i ImiPe
are the usual annihilation operators

that satisfy , Ca,, at11= 1 ,

[02 ,
atz) = 1 .

Since as , 2

act on different Hilbert spaces ,

[01 , 421=201 , atz1 = 0 ·

Therefore , the eigenstates of H

are simply given by ,

Insane = (at1)" 10> (atz/"ToE

=(at)" (at)"07,8107-
where 103

, 1072 are the respective

vacuum states for the two oscillators.



The corresponding eisentralue is

indeed n1 + 1 + nztz = Ni+Uz+ 1 .

figenstates in a real-space basis :

sa, el In *U2 = Mr 2)

= <nIng3 <del net

a
me

Maine)Har(Anwar
where In denotes the nith Hermite

polynomial



Composite Hilbert spaces made out

of Hilbert spaces with finite dimension

let's cowrider Hilbert space spanned by
tensor product of the Hilbert spaces

corresponding two skin-s objects .

One possible barris choice is

1074107 , 10) & 11) , 11 & 10) , 117 &117 .

let's study the eigenstates of two

different Hamiltonians that act on

this Hilbert space .

(a) H = 2
, Zz.

(b) H = X , xX2 + YeYs .

The Hilbert space is 2x2=4-dimensional

in both cases .



(2) H = 2
, x Z2

The four eiscnstates are 1074107 , 107411X ,

117010) and 113811) with eigenvalues

1 , -1 , -1 , 1 respectively .

(b) H = x , xx2 + Y , & Yz-

One notices that [ , xZ2 , HT = 0 ·

Therefore
,
let is decompose the Hilbert

space into direct sum of two
-

subspaces where the states in

the first subspace salbly 2 ,xZIP)
=+ 110) and the states in the

second subspace satisfy 2, x2214)

--1b) (Since (2,022) = 1 *A > I1

are the only two eigenvales of
2 ,022]



The basis for the first subspace

may be choosen as [10> & 107 , 117x1273

and that for the second subspace of

S 10) * 117 ,
113 & 1073 .

Note that

2 , ~22 [C ,
1078103 +>2 1138 123]

=
+ 1[x10) -10) +12 117812)]

irrespective of < , 32 . Similarly for

the second subspace .

Therefore ,

we only need to diagonalize the

2x2 matrice corresponding Ho

each subspace separately .

(i) Subspace 1 :

IX , xx2 + Y , &4) (10> & 10) (

=> (2011) - 117-11) = 0

(x ,* Xz + Y, eY2) (11) 0112)

=10) x 10) - 10) 410) = 6



Therefore the Hamiltonian within this

subspace is just a 2x2 matrix

with all zero entries :

18 8]
.

And the eigenvectors may be
choosen

as any two independent vectors within

this subspace e .g . 167010) and 1174117
.

or even 107810) 1 1170117
.

(ii) subspace 2 :

(X ,* xz + Y , 042) 107 &117

= 11) 410) + 117 $10) = 2 1170107 .

(x, xx2 + Y , xyz) 1170107

=
210) & 117

Therefore , the restriction of I to this

subspace is I3 -] .

We already



know the eigenvectors and eisentable

of this matrix (since its just like

the Pauli Matrix X) .

Therefore , eisenvectors and eisenvales

within the Second subspace :

eigenvale = + 2

eigenvector 1 (10) &11) + 117 &107]
-

eigenvale =- 2

eigenvector = [ 10) &11) - 117 810] .

Therefore the four eigenvales of H

are O , 0 ,12 and the

corresponding eigenvectors are 107 & 107
,

1138117 , (1070117 1 127 &107] .

I
entangled (EPR/Bell(

Rain



Explicit form of H :

X , x2 + Y , Ye
10710) 103117 ↑ 113107 , 113117I

10(10)

10)12)
I

........ +Ein(1)10)

191

*
2

-

1. · io] I[i]I

0
·

=08 0I I⑧ 2 O ⑧

O O 0 O



Experiment
14) -

Consider the State +10) & 10) -10)= 117x117011]]
-

that lives in the Hilbert space of

three spin-te drof , and imagine a

scant where three space-like
-

separated observers A , B , C have access

e

to the first , second and third spire

respectively : Third spin
.

↳
first spin I

second spin
↓

* ⑧8.⑦
⑤

A B C

When one of the observers measure

&

X and the other two measure

&

Y ,
then the product of the

three measurements is always +1

because It) is an eisenstate of
M d - - & M

X , 42 Ys - YIYzYs , and Y , Yexs



with eigenvalue + 1
.

let's devote

measurement outcomes by lower-care
letters ,

there
, M , 727z= 1 etc .

If one now uses the deal intuition

that the products of several constants of

motion is also a constant of motion ,

then one conceutes that

11 R2 R3 = 114243 · 4 1 N273 - 1982 My
= 1 X 1 x 1 = 1

Therefore , classical intuition implies that

if all three observers (A , B , C) choose

to measure their spins X operator , then

the product of measurement outcomes

will be + 1 . However
,

x1 * x2 & X314) = -14) !

= the classical intrition is incompatible
with OM

.


