
strativeExamples

Three Hamiltonians that are useful for

illustrations :

- Particle in a box .

- Simple harmonic oscillator .

- Two-state system .

1 . Particle in a box :

n

H = - +ven) where VM) = O for

zm

REC0 , 2) and & Otherwise .

The eigenvector and disenvales of
I

are siven by :

<XIEn) = E sin (k)1

En= =
2mL emL2

(t = 1 notation)
with 1 = 1 ,

2 , . . ., X.



The Hilbert space It is infinite dimensional .

One choice of basis for Le is (n)

with 1EC0
, 2) .

Another possible basis

is IEn) with n = 1 , 2--8 .

There

exist infinitely
for the basis .

Many other possibilities

example: A particle in a box is in its

ground state : A measurement is made

of its position , What is the probability
that the outcome lies in the

window xe 20 , ] . ↳13
2

Intuitively , probability- ! IRIED da
but let's re-derive it more formally .

Projection P onto the measurement

swebspace- "My m du

O



Probability
= <EzIP PIE1)

Cp2 = PL
I <E1I P (E17
213

I I<Ey x> <xIEj] da
↳3

= ! I <EsID Ax -

= Y siny) an

example : A particle is in a two-dimensional

square shaped box of size LXL .

A measurement is made of its energy .

What is the probability that the
out come is 2 ?



2 . Simple harmonic oscillator :

Gottfried
4

.
2 I

H = ꋽ + Im
2M

Let's rescale : a tw -> n

P/5 - 4 .

so that H = 21 #
Define a = id

,
at = AP .

=> H = at a + 1 z

with Ca ,
at1= 1 .

9
2

Importantly ,
at a is a Eni-definite

operator ,
i . e .,

for any state 14) ,

<plat a ly> >0 => eigenvale

of ata are non-negative
.

Our tak
-

is to find these eigenvally .



Let's consider one specific eigenvector
of ata with eigenvalue 1 (which is

as yet undetermined) . Let's denote this

eigenvector as In) .

- at a In) = n Iny
.

Now consider all) .
We claim

that this is also an eigenvector

of ata . To see this ;

at a a ln)= (aat-11 a ln>

= a atain) - a ln>

=

a nin>-aln>=(n-1) aln>

= aln) is an eigenvector of ata

with eigenvalle 1-1 .

One can similarly show that at in>
is an eigenvector of ata with

eigenvale n+ 1
-



Thus ,
a Inxx In-17 , ati> < In+1

Let's find the proportionality constants,
We chose the convention that all

eigenvectors are unit norm i . e .

<nIn> =1 n -

-> if a (n> = <In>

-> <n1 taln>= 112 <nin>a

- n
= 112

=> C = I upto an irrelevant

phase .

E all>= 5 In-17

similarly ~at in> 2 +1 In+17
.

Now
, we use the constraint that

↳

at a is positive-definite . If n

is not an integer , then one will

generate eigenvectors of ata with

negative eigenvales -



For example a ( = 0 . 47 = 55.440 .6

which is not allowed .

On the

other hand ,
if we restricti to

be integers ,
then eigenvectors

with negative eigenvales are
not generated .

& 11) = 10)

a 10) =

0 1-17 =

0 .

Therefore , for consistency ,
we

require & non-negative integers .

=> H In = Cata +5) In>

=(n+1) In>
n = 0 , 1 , 2 , .

. - - -



Let's find real-space wave-fus ofSHO .

Ground State ware-fr .
(In=07

.

a In = 07 = 0

=>> (x + ip( In = 07 = 0

=>> (x + ()(n
= 07 = 0

- M <n In=07 +
-
<xIn= 07 = 6

de
- 1412=> <nin=07 < e

Restoring physical units and normalizing,

<xin =0> - (w)* -w
Using m> = Cat" 10) , one may

↓
.

construct real-space wave-fus for any
In> · They turn out to be related
to Hermite polynomials .

See Gottfried4.
2

.



- Duantum systems with finite Hilbertspace

for particle in a box ,
Le is infinite-dim

I baxis [In>3 is infinite dimensionall .

far simpler are problems with a finite-dim

R .

Let's consider a few examples .

(a) Consider I spanned by two states

that we denote by 10) and 127 .
An

arbitrary state is given by Cyloxtez/2)

where ce , 3 are complex his with 1PHCE1.

An arbitrary operator is fully
specified by its action on the basis

States "

A 10> = 11A 10) 113 + <81 10) 10)

A 11) = <1911) 113 + <017127 117
.



Thus the matrix representation of A in

this burs is :

⑦ I 10110) 101111)

I <11A I<11A10] "12]

Change of basis :

There exist infinitely many possibilities
for

Choosing baxis .
For example ,

another

possibility is It>
= (2)

,

I

1-> = 1511)
.
Note that +It

-

=<-1 -7 = 1 and -7 = 0 .

As a matrix equation , one may write

lisI](in] .

W



One notices that +V = 1
.

This

is a general property of matrix
that

implements a
basis chaise ,

are it

guarantees that the new bons is

complete and orthonormal .

For example,

is the original basis is [li)3 and

new basis is [Ix>3 , related as

12 = IUxi (i) ,
then

I

*

<x1B) =
I e ci <il UBj15)
ij

= us
*
Ci UBi

=IU : (Ut)i< = Mutsc
I =

8

The matrix representation of an

operator A in the new-baris

is given by :



Ec - [21 * (B)

I u
*
<i
(il * 1j) UBj

- (H A s+x
where A (without hat) denotes

the matrix

representation of A in the original bas (i).

Consider ,
for example the operation with

matrix representation C-17 in the

bas 103
,
117

.
In the new

basis

It] , 1 -> ,
this same operator will

now be represented as

a( - 1]u where

U=/! =] as written above .



Calculations such as above can be

done rather quickly by utilizing

properties of Pauli Matrices .

X =(96]Y = (: : , z
=!2)

x
=

= 42 = z2 = 1 X ,
Y ,2 hermitian and

unitary. Eisenvalues 11 . They all

·

anticommute Xy = iz = - xX etc .

Eigenvectors :

x (i]= ( :7 . *117=- [-i] .

y (17 = 127 , "(27-13]

=(0] = (8] :

* (8]= - %]



Let's return to the calculation of UAUA

where A = 11-13 = Za

n
= E(i -

i)-=ix +2)

= UAUt = 1(x +z)z(x =z)
2

=

I(X2x + x2z +22x

+ 222]
= I- z + x + x +z]

Thes ,

the ore]in the
I O I2 and inbasis 10) , 122 is Co -1

the basis It] , 17 is (947=*.
Note that the tracl and determinant

are unctaused after the bornis

chause .



Problem : Let's chose the basis stated 107 ,

127 so that 210)
= 187

, 2127 =-127.

Bowrider the time-evolution of the state

103 by the following unitary it

10) -> U107

where n = Y/*)
In the final state

,
consider measuring

the operator X . What is the

probability of finding the outcome + 1 ?

u =

1z(x+z)(x-y) = 1[1 + 2x][x - 4]

Iti
=

I(x -y + z - 5 =1) - 1-]
a

+

u
= i l ]. it
-I(2+2)

= 1



Prob · Contoine= +IS
2

=> Is + 1 u 10>1

= i / - ]:71
I ):]

-

↑ 11-iP x2 = 1
.


