
Spin systems : large- s and

large-N approaches .

Large-Se✗bansion:-
We employ the Holstein- Primakov CH - P)

representation of bosons ≥

Sxtisy -_ St = Fnb b

SR = S - Nb

where ng = btb and one restricts

% Nb # 5 .
This representation is useful

when the spontaneous breaking of the
spin- rotation SUCH symmetry is assumed
to occur along E- axis with

.

<5> ≈ s i. e. nbls ⇐ 1
. Therefore,

this is a large - S Csevuiclaesical ) extortion.
Let's consider ferro and anti- fern casts .



Ferromagnet using HP bosons :

H = - IJI I inSj→
<ij>

Since in the SSB Phase ,
all spins

point along the same direction
,
the

details of lattice Ce-g . bipartite vs not)

do not matter . Using HP bosons ,

1-1=-151%3/5? s} +1-2 (sit Sith -c.)]

= -te?g, [ (S
- bti bills - btjb ;)

+ 1-2 (tzbtibi bibtjt-2-b-jbjth.es) ]

Exbanding tÑ in the limits>>btb

as t- [ 1- %-b_]"%Fs[1- ¥sb_+



and keeping the terms upto 015° )

in H , one finds ,

H = Ho 1- Hi t H2

where Ho = -52181
Nic = Ocs2)

Hi = 5151122? btibi-ECbtibjth-e.IT<ij>

ik.am
= s÷% §

btkbkct-1-E.ee )
%Ñr

= Ocs)
.

where % 13 the coordination number

and the sum over Pr in Hi corresbonds

to swim over nearest neighbor bonds

of any given lattice site . eng . on

the square lattice
,
I E eiÑr = Kk
Farr

= ¥ ( e
ikr

+ eiky +e-
ikn
+e-
ikr)



=

loscknlztc-o.by
) aÉa2

Vaa

finally , Hz is the interaction term

between the bosons at Oci) Stueve

are hisheir order interaction Krus and

non-interactive terms as well ] .

Hz = 12,1 §, [ btibtjlbi-bjfth.ci]

Retaining , only Hotter ,

H ≈ -52151M¥ t { Wk btkbk
where wk = stirs 11-§{

eiP.at )

≈ c K2 at small K

where c. ≈ s 1513
.

'



Therefore ,
the Goldstone modes of

the SSB have dispersion Wknk?

Exactly at T=0 , these modes are

Unoccupied and therefore the ground

state has no fluctuations .
This

is because the order parameter

Is%

i i
commutes with the

Hamiltonian
.

Note that Ho precisely
corresponds to the ground stale energy
of a classical ferromagnet .

Att > 0 , the Goldstone modes would

be occupied with Bosse distribution

npgck) ±1- and the question
eBook-1



of the stability of the ferromagnet

is identical to tire question of

stability of a non-relativistic BEG

at T > 0
.

The leaking order

correction to the ground state

order parameter (= S ) is given ah

{ s> CT)> - < s≥ cT=o)>

= S - {rbtibi> - s

=

-µI { {btkbk>
^

= - 1-

Gotta !@p%%g



The integral converses only in

d > 2 ⇒ ferromagnet is unstable

against the thermal fluctuations

in D= 1 and D= 2
.
In d==2

.

if instead of SUCH symmetric H ,

one had only a UCM symmetric H

( e-g. due to an easy
-plane anisotropy)

then the system would allow for

vortices leaking to a finite

T transition between a phase

with power- law correlations for

ferromagnet order parameter . and

a phase with extonetialey decaying
correlations CBKT transition)

.



Anti ferromagnet using HP bosons ?

i

t t
A

• • B ◦ A ◦
B

.
A

F t
E: ::

We restrict ourselves to a bipartite

lattice . The spins point along +
Ñ

direction the A ssublattice and -5

direction on
the B sublattice .

Since the order parameter is

C-7ᵗʰ't scn.gg> ,

one can perform

a unitary transformation so that

H is expressed in tons of operators

that vary smoothly
in space .



On B sublatt.ae
,
lets define

§ > = - s> ,

5 ✗ =s✗
,
EY = -s't

so that the commutation relations

Est ,
SB] = ieapy SY are obeyed by

§ variables .
Note that s+=s✗+isY

= 5 ✗
- isn't = 8-

.

Therefore
,

H = 131 §,>[s? sjatlzlsitssth.cl]
ic-A

JEB

= 131 It sʰi5j% + lzcsits~j-th.CH
<ij>

Now we simply use the standard

HP bosons on both sublattieas
.

Stor 5T = tznb b

S2 or 5ᵗʰ = S- Mb



Substituting this representation and

again keeping the first few terns ,

one finds ,

H = Ho 1- Hi 1-Hat _ _ .

Where Ho = -521J /

Wyatt
,
= ITIS % {[btkbktmk-lbtkbt-kik.irthat]

where Yk = { age as before .

and Hz = -1¥ ¥,[bticbtjtbifbjth.cn]
The crucial point to note is

that btk I bk dohot_ diagonalize

Hi due to the terns (btkbtk
th -a) .



This is a consequence of
the

fact that unlike a FM ,

where

the classical ground state is the

quantum ground state ,
for an

AFM
,
the quantum lie . actual )

ground state is not the product

state /↑ ↓ ↑ -$ ,
but instead it

contains quantum fluctuations .

This is because the order parameter

f)
"

(Serb , dogtrot commute with

H .

To diagonalize Hae ,
we employ

the Bogolibor transformation , similar

the case for a superfluid .



bk = eoshlokltptsinheok)x±k
where ✗k are standard boson

operators . [✗k , ✗
1-ki] = Skkiete .

⇒ 1-11--15152 {[( cosh Leak)

1- Yk SinhKok)) ✗ tkdk

1- { ( sinh cook) 1- Ykcoshcrhdk))
( Ltk LIK th .e.)

+ Sinh
≥ Ok + YI-sinhc2.dk)]

One choose Ok so that the

terms Ltk Lt-k vanish .

⇒ tank CZOKI = -Hk .

Using this . He becomes
,



Hs = { wk catkin +±) -521
where wk ≥ 13152/175

Wk vanishes at two b-points =

→ →

and k→ = (A- , A- . - -
A) onk=o

= AT
a cubic lattice in d- dimensions

.

for 1kt small , Yk≈ 1- KI
z

on a cubic lattice in d- dimensions

with % = 2dL
.

⇒ wk ≈ JS Fa 1kt

= C 1kt
.



Similarly .
when I ≈ @ ,

wk ± J SE IB-81

let us calculate the ground state

energy and order parameter .

Energy : In the ground state ,
-

the modes ✗k are unoccupied .

⇒ Lk lo> = 0

⇒ g-s . energy Egs. = Ece G- classical

enemy)
+ EWK-352N
k -2 2-

= Eat 1-2 7. 1315%(1%-1)
where Ece = Ho = -52-0212 .



Since ✓⇒ < I

⇒ Egrs . < Ece

⇒ Quantum fluctuations lower

the energy compared to the classical

ground state .

Order parameter :
-

Classically ,
at T=o ,

the order

parameter is just S .
Quantum

fluctuations cause its to reduce

by an amount

'ir{s%%→> -58
Am = ↓ §

e



= Nt § [S
- nbcñ] - s

=
- f¥jˢ• { btkb.br>

= : - s :÷i;÷÷
The integral behaves as

t!÷⇒+ :S "÷
Therefore , it diverges at T≥ 0

in d=1
,
and at T > 0 in

D= 2 • It is finite iat T > 0

in d> 3 .



Thus
. quantum fluctuations

destroy AFM ordering at

T ≥o in d.=L and at

T> 0 in D= 2 ,
as expected

from Merwin - Wagner theorem .

One may summarize
the results as .

Ferromagnet Anti ferromagnet

T=o Stable in any d. stable only in
[M , H]=0 . d> 1 . [m.tl] -1-0 .

Classical g-s-Quantum classical grs.
g-s .

7- Quantum gas.

T ≥ o stable only in stable only in
d> 2

. d # 2 .

WGoldstone k? WGoldstone.hr k .


