
Fermi Liquid Theory
-

Basic idea : Let's start with non-interacting
electrons , Ho = § Ekctkck , and slowly
turn on interactions ( we will discuss later

what does
•

slowly
'

mean) . If this can be

done at all , then the ground stale

will evolve as 14th = T e-Ji HIA) at- a lead

where He is the interaction , T is time-

ordering and we have arbitrarily assumed

that interactions are
turned on

att
= → and at t=o ,

we have the

desired interacting Hamiltonian .

H z Ho 1- HI Ct=o)

I Ho t HI .



The key idea of Landau Fermi liquid

theory B that if the above procedure

can be carried out without encountering
a phase transition .

then the low-lying
eigenstates ( DE ~ #-) of H are in

one - to- one correspondence with the

eigenstates of Ho .
To make this

correspondence precise ,

we hole

14t=→} = Ictp to}
kckf

⇒ l4t=o> = IT Atp 107
k<kf

where ath = Uctk at

where U = T e
- i /HICT

') at /

•



Fermi liquid theory assumes that Atr

and ctk are related as
.

ftp.r ⇒ IF atkol-ACEKHAtkratpyriak.ge
+

• • .

Where crucially , Tzu -1-0 .
This implies

that nk={ctkr Car} has a discontinuity
of 2k at the Fermi surface .

↳=ÉqtY nµñg/ErrI÷--÷
The definition of a fermi liquid B that

2k -1-0 •



By construction .
the interacting ground stale

resembles non-interacting ground state of
•
renormalized

' fermions which are created /

destroyed by at la .

The low-lying

eigenstates correspond to particle- hole

excitations created by a / at . For example ,

if we devote the interacting ground state

( = Hath to> ) as Ig. s . > , than an excited

state is given by
/excited > = Atk

, Akz 1g
. S .>

Where k
, > Kp and kz < kf .

-

the

energy of this state
, compared to lg.si is

1 Ek
,
- µ I t 1 Eka- pet

where µ is the Fermi energy
= kÉ/zm .

These excitations are calledq_É .



Clearly , Iexcited he is in one-to-one

correspondence with the non- interacting
state Iexcited >o = ctk

, Ckzlgns .} .

The energies Ek , , however ,
B not

equal to Ek?1 ,
the non- interacting

energy .
This B- because interactions will

generically
renorwalize toe mass .

Ek
,
= zk÷* , Ek? =bÉme

where me B the mass of tire e-

and m* # me generically .

Given above discussion , one might natively
exbeet that all excitations of the

interacting system are in one-to-one

correspondence with the non-interacting
one .



However
,
one needs to make a

distinction between excited eigenstates
-

and e×_⇒ that are generated by

perturbing eigenstates e.g. sound
Woden
- .

As we will discuss later ,

the interacting system has new kinds

of sound modes that Kate no

counterpart in the non-interacting
system .

To make progress with questions such

as excitations in the interacting system ,

renormalization of the mass etc. , we

need to develop an effective theory of
interactions between quasi particles .



To do so , we need to understand allowed

scattering processes between
the quasi particles

o.at low energies . Momentum and energy

conservation dead to strong constraints

on allowed processes .

Consider a single qop .
located outside the

Fermi surface , with momentum p? .
We

are interested in the scattering rate for this

state to decay into any other allowed

slate
, subject to energy , momentum

and charge conservation . Clearly .

it

can't decay into a single g. p . with

momentum # pi due to energy momentum
•p,→

conservation
. / → --÷•Not Allowed

Momentum /energy
conservation violated .



It also can't decay into two particles ,

or a particle - hole pair either . due to

charge conservation .

•p,→

/ → q•PIE
Cholet_•i•

Not Allowed If cporticle)

Momentum conservation

satisfied but choose-

conservation violated .

The simplest process is when the

particle excitation p→ , decays into

three excitations : two particles with

→ →
Momentum p

'

, , p"z and a hole with

momentum pz→ .

•p,→ →p|•/ →
Allowed §p•ÑÉÉ•



Momentum -energy conservation requires .

pi = P ; +82 - pz→

2

pF = part + psf - P2

Mole the minus sign in front of

the contribution from the hole (=

absence of particle) contribution.

Furthermore , {Pi , PI , PI } > Pp

cohile Pz < PF .

Close to T=o , all excitations are

located close to the Fermi surface , so

let's assume that (pi - PF ) & PF .

Then the other three momenta are also

forced to be near pp due to
energy -

momentum conservation ,



É→¥=É÷
Momentum conservation imply that

P , cosco ,)t pzwscdz) =p 's costOf ) +plz cosLOL)

However
, since all four vectors are

almost equal in magnitude . at the leading
order 01--09 = 0-2 = 0£

⇒ p , + pz = PIT PI

From Fermi Golden rule . the scattering
rate for this process is given by
M n f 8 Cp? + pi - p ;2_ psf)

PT ,p%



Where we are integrating only over PI

and →p ; since Pz is already determined

from pi , Ff and p→z . Furthermore
.

the energy conservation is already

Accounted for when we above derived

pit pz = p's 1- plz .
Apart from

Various angular coordinate integrals , which

just contribute an overall prefaetor

Gee
e.g .

Coleman's book) , M is essentially
given by M ~ Sdp , dpz subject

to the abuse derived constraint

Pit Pz = PET PL and toe

requirement p , , PY , P's > PF ,

while Pa < PF .



PE > Pf ⇒ P, + pz- P 's > Pf

⇒ p 's < (Pi + Pz- PF)

further p 's > pf as already mentioned .

⇒
pp C pl

, < p , 1- Pz - PF •

⇒ pz > 2 Pp - P1

Combining this with Pz < Pp , one obtains
.

2 Pp - PLS Pa 5 Pf .

Therefore . the integral Mnfdpz dp 's is

Pf P , 1-Pz-

Prfdpz / dp 's . Clearly the
2ps- PF PF

integral ravishes when p,
= Pf . Doing

the integral explicitly , one finds

r~1-zl.pl - PFI ?



Therefore , a quasi particle with

energy e n Vp Cps - pp) has

a lifetime of order 11,2 at

F- 0 . This justifies why quasiparticles

remain well-defined since e scales

at 1- for low-lying excitations ,

and hence M K e
. One may

also use this result to justify
adiabatic preparation of eigenstates

starting with non-interacting és .

The required to prepare an eigenstate

containing a few quasiparticles must

be larger than inverse level



Spacing ~ L ,
to avoid complete

failure of adiabaticity . At tire same

time
,
the preparation time must

be less than the quasi particle

lifetime - otherwise quasiparticles

disintegrate by the time preparation

is complete . Since quasiparticle
with

energy err 1h has lifetime OCLZ) by

above analysis, and Lf → Lg

one has enough time to prepare an

eigenstate with quasiparticles adiabatically .



Single - particle Green's function in a

Fermi liquid .

The single -particle Green's fu for free_

fer is given by
Get ,k) = -i sg.s.H-ckctlctb.co/1g.s .>

a- time ordering)

=
- i < g.s.lckctlctkcolg.si ,

fort > 0

= ti ( g. s.lctkcolckctllg.si ,
for TKO

Nole the relative charge of sign .

Using Ckct) = e-
it Ek

ekco)

and (ctkck} = Nf CIR) = 0 C- Ik)

Get ,k) for t > 0

= - i < g. s .
I Ck ctk I g. s.> e-

it Ek

= - i [1- neck,] e-
it Ik

=
- i OCIK) e-

it Ik



Similarly , for + so ,

Get - K)

= + i < g.s.lctkcklg.si > e-
it Ek

= i 0 C-In e-
it Ek

combining the two extrusions into one ,

Gct ,k)= -ill ctlocs~kle-HEKtioc-tsoc-qde-its.br
Fourier transforming .

Gcw ,k ) = flat Get ,k)eiwt

= ¥k+io+signÑ
The Iot signcw) takes care of the time

ordering . e.g . when t > 0

Gctik)~€w -Erktiotsigncw)

since t> 0 , we need to close
1Imlw7

Pole structure
.

woman in the '"%É¥Ghalf plane .



⇒ One will pick up a non- zero contribution

only if Ek > 0 . Hence the factor

of OCÉK) in Gct
,
k) .

One can

verify the case 1- so similarly .

In the presence of interactions . as

we discussed above ,
the quasi particles

acquire a finite lifetime . TTWB can

be accounted for by adding a
• self -energy

'

term to G-
'
Ck , w)

G- lck.io) = W - Ik ti Ot signlw) (non-interacting)

→ w - [E~kl-ECK.ws] Ciuieraetivg)

= W - LIK t Rec ECK.ws?tiInCECkiwD]

The location of the fermi surface is

determined by the condition

Ék + Re CECK,w=o)
) = 0

.



If the Fermi surface remains spherical ,

then it is notchavsed_ due to

Lattimer theorem which guarantees that

in a Fermi liquid , the volume of the

Fermi sea is unchanged .

Let's Taylor series expand 6-1 in

(k-Kp ) and W Carolina w=o and k=kf)

G- 1 = w - w ZF}ck|w=o
- (k-Kp ) 2,15kt Re Eck . @D/

k=kf
- i Ion Zckew)

= Z-TEW-zck-kr-72kce~kl-REECKNHK-kp-iz.IM
Eckew)]



where 2-1 = 1 - §÷Re Eckfiw)|
w=O

Therefore , one may write

G-lckew) =2-

w - I/Ck) + ÷bew)
where I / Ck) = RCK-kp-II.EE?ktReECkioD

2k k=kp

and ¥k,w, =
- % In CECKEWD

Therefore ,
eckew) denotes the

quasi particle
lifetime and

E~%k)

denotes the re normalized energy /

band- structure due to interactions .



% is g.p . Weight / residue

which captures the overlap of the

g. p . with a bare (non-interacting)

electron. In general 2 is momentum

dependent .

¥É : The above form of

G- ' determines
effective mass ,

lifetime

of gap
. as well as the jump in

Nk at the fermi surface .

Effective mass : If effective mass is

-

M* , then by definition .

bfJmk¥F_ = ENCK ,w)= RCK-kp-II.EE?ktReECkioD2k k=kp

ñ(k-km÷kF



⇒ k÷*= % [ by + %gRe↳ck0D/]
k=kf

⇒ I*
= %f1tyf-fgieeo.it/jK=kf-

If for some reason , §gthe Eckeo) 20 ,

then

÷* = %
.

Jump in nk at toe
fermi surface :

EE.nn.ge#Nk--
1%-1 i. e. it jumps by one

÷ at b- = Kp .



for the interacting case ,

- iwt
do

actin =/w?÷É+÷
for simplicity let's assume, zckew) _=zCk).

for example , as we discussed above ,

in a Nervii liquid ,
eckiw)~~¥y£pyTp

let's consider Gct , KIKA) so that

one may neglect Em, .

Then Get , KIKA ) =

2k fioctlocs~kle-HEKFtioc-tsoc-qde-its.tt
when b- = 0

-

,
this equals

i nlk) by definition of Gctik) .



⇒ nckl jumpers by amount 2k

at the Fermi surface ,

liar
"÷-

.

Quasi particle lifetime
:

-

Gctik ) ~ e- Heck , e-
it Easy

⇒ quasiparticle
lifetime = zck) as

Also mentioned above .


