
Mean. field Theory of Anti
. fearing

instability of Fermions on

square
lattice .

H= §Ek etkrcrr +

U§h
;
-IT

ni = 3.Ctircir

Ek = - Zt Cwsckx) + cosckys) - µ

µ = chemical potential .

when µ=0

=) half . filled fermi surface .
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What to expect at half - filling ?
-

first consider the limit Us> t .

- As discussed in the lecture , in this limit the

effective Hamiltonian is

→ →

Hess -_ 4-12 IS i.Sj
J

In the ground state of
this system

spins order anti ferromagnet colly ,

i÷#p

b ra r d

what about the opposite limit

t >> v2.2
Mean - field theory suggests

that the

system stifle orders anti- Serroomasnetically



Aft half -filling expect instability for
Infinitesimal U .

Ulni-15 = - U 1et ,. r2c ;

]2tU
ni=1 ⇒ [ctrzc]2=1

ni=o ⇒ ftp.c ]2=o

Basic idea of mean. field .

(et ;rzcif¥82(ctirzci>cti TZ Ci

- < et ; rZi5

Based on physical <

etirZ;y=M←FY
reasoning = Mesi



The mean . field H becomes ..

HM.p =

Esk

Ctkockrkr
- 2 U M Z ← I cti r2c ;

i

+ UMZ Nsile

Eh =-2't [cosckn) + wscky)] - µ

Let's work at µ=0

Hmf =
-Zt Ek Ceosckn] tcoscky)
Ctkr

Ckr

\

- ZUMEkfetnr2 ckta th . e .]

= I£2t[cos Ckxltcoscky)] Ctkrckr

+ If zt { wscknstwscby)] Ctktaretag
- 20 M §(Ct kot rkta th . c . )
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One Can diagonal've this 2×2

Matrix
.
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µ =ElekN*+oCk)Ntrck )Kr

- F.
'

Ek Ntrck) N. rck)

Ek = 1¥LTUZMT

Ehtel
. .=Ground State energy

= - 2 {
'

Ek + Nsile UMP

To
.

find M
,
Minimize Eo wrt

M



⇒ ÷ - fines'e÷⇐°
Is there a solution for

infinitesimal U ?

Yes. !

UZ
'

F-k 4¥21fosCby teoscky)]24t2

= 1

4-

As U→0 Er
'

¥ diverges

so is M was zero for Koc
to

The above eqn won't make sense .

⇒ M -1-0 as U→o+
.

No San for U< 0 .



How to solve the self - consistency
equation ?

0 É'j÷#+_ ⇐

¥Is
for small U

,
M is also small =) most

contribution comes from Ek_~o ⇒ fermi

Approximately :÷÷÷÷÷:÷☒÷
Need =

density of states
= constant at the fermi surface

.

limits of integration
-

?

EI -t to E e t .
the only scalet other than UM

20 Not)fgd÷EfM# = ±4
0

One can do this exactly but when U is

small .

it's even simpler .



2 U NCEF) log IM = ¥

⇒ Me u± exttkmcr.su]

Clearly , as u→O
,
µ4→• .



Superconducting
Instability of Fermions .

Above we saw
that repulsive interactions

at half . filling
destabilize a fermi

Surface and lead to
anti - ferromagnetic

ordering ...

what about attractive interaction
i. e ,

U < 0 .

In tub case mean. field theory

suggests there B no anti - ferromagnetic

ordering . Interestingly , now one finds .

6

asuperconductinginstability .

Before we
do a mean . field theory

for superconductor , let's
first understand

very basics of a superconductor .
-

heuristically .

That will help as do

mean . field they as well .



what Is a

superconductor
?

In a

superconductor
,

electrons

pair up
to forma boson

.

called

6
Cooper pair

? Cnamed after Sheldon

Cooper from big bang theory) .

The easiest way
to pair them is

too

form a boson :

bcx)=ctncxdctycx) so that

the two electrons participating
in

pairing can be
at tiresome location

in the real
. space .

In a superconductor , the expectation value

Of bcx) W . r . t .

to the ground state Wf9

does not fluctuate much , similar to the

ordering of ( 52) in an antiferwmognet .



This motivates the following mean. field :

Lctacx) ctdrca)> =D
= independent
of A .

Question : How can < ctpcxletwcn)>

be non -zero if the number of particles
-

in the wfn is conserved ?

Answer :
.
It can't but enlarging

the Hilbert space to multi. particle

spall allows it to be non - zero .

Allowing the total number of particles

to fluctuate ,
the Wfh can be written

as a superposition of States with

different no . of particles :

IQ> = 110ms:3 + lbw .- a> + .
- l$w=a>

to t
I - particle 2- particle
Wf" wfn



Within this enlarged Hilbert space ,
it is

now possible for { Cta Cty > to be

nonzero e. g. < $n+z| ettcxkttla ) How>

could in principle be non. zero .

Towardsa Mean . Field Theory of a

Superconductor

Again consider the same model as

the one we studied for anti- ferromagnetic

instability of fermi gas :
2

H= {Ek etkrcrr +

U§l
hi-1)

ni = Zictircir
Ek = - Zt Cwsckx) tcosckys) - µ

µ = chemical potential .



When U was positive ,
we found that

anti - ferromagnet was favored .
We

argued this based on the limit
→ →

u→a where Hegg = 4t÷ E Si . Sj .

< ij>

For getting a superconductor , U < 0

is more conducive •

To see this
,
now

consider the limit Uts - a .

The

term U Cn ; -132 = - wl (n ;-172

will favor n ; =0 and ni=2 .

So the ground state will look like

r.IO#@n.eie..n.=2n=On=2nz2n=on=z
The bound state of two electrons at

a given site is precisely the cooper

Pain Cttnctiu netspousible for the

superconductivity .



Note that
,
unlike the case of

Anti ferromagnet in the limit
U→ a ,

the above argument doesnt rely
on half . filling ,

and Is valid for

arbitrary value of the chemical

potential µ .

Thus
,
we write H as : µ

H =

Erfsk
. µ

'setk.cn/(NIaustant)+MertinCia etit Cit
i

= E ( Ek - µ ) Ctkr Ckr
k

- U § etin ctit Cia •in

Now
,
we make a mean . field

approximation for the interaction

term :



- 0 ctia etit Cia Cit

→ - u [ < ctip ctib> Cia cite

+ et in ctilv (Cia Cit>

- <ctia Hiv > <Cia ciiv > ]

Denoting (ctir ctiu>
=

oD÷
wnstat

⇒ < Cia city> = - D*

H
Mean-feed

= Er (Ek -MD Ctkrcrr
I HMF
henceforth -

U§[D Ciacnzz.no#gtgT+ D* ctiwctir]NUIDIZ= § (Ek- µ/ ) C
+
k- ( k on

¥# of sites

- u § [ D*Ctkr ctkw + A EKWCKB

-

UIDPNS



Note that the original Hamiltonian

with Unianit term had the symmetry
Co.→ ei ° cr corresponding to

the particle number conservation (recall

pset - 2) .
The mean- field Hmp

breaks this symmetry ! The only
symmetry deft Is Co.→ -Cr

corresponding to pantile
no . conservation

modulo two .

How to Solve the mean - field*MF ?
~

DefineCt- KW =Ctkt+

#
C kt = C kon

Cheek :
~ ~ ~ ~

-
Ckd Ctkw+Ctketckw

=

C±kw
C- k's+

C-
k'd

Ctkd
~

= 8 kke ⇒

Ckr
,Ektr legitimate

-

fermion operators
.



=) H # § (Ek- µ
')

EtkaEKA
+ Eu (Ek- te

')

Ekwttkw- U Ek [EtkinEkgA* + he .
]

- UIDPNS
=

{ [EtkinEkw]k
* on

- µ
'
•UDE.→⇒E
:]

- UIDIZNS

when 0<0, this
is identical

to the

mean- field Hamiltonian
for the

anti - ferromagnetic instability !

eisenralues En=±t@=µy2tu2F



Ground state energy
=
-E-(Ek-µ/)2t UZIA 12

B-IUI Ns IAR

Minimizing Wr .t . IDI .
one again finds

In e to,extt%ca.nu]

where NCEF) = density of States
at the

fermi
' surface

,

exactly as in the case for the

anti . ferromagnetic instability
.
Thuss a U > 0 anti . ferromagnetic

instability gets mapped to a
U < 0

superconducting instability .


