
Spatial Correlations within mean . field theory
-

In the Landau theory ,
we let order - parameter to

be uniform in space ,
which B a rather drastic

assumption .
To improve upon  it , let the order -

parameter be a function of space
,

MCP )
.

and

consider the Landau free energy as a functional of
mere ) :
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where f  = f-V is the extensive Landau free energy ,

t ⇐a ( T - Te ) , and her ? i3 the magnets field .

which we also allow to be inhomogeneous .

The partition function  is given by .
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where SDM denotes functional integral . Doing this

integral exactly is quite hard
,

but one evaluate it

within Gaudin approximation  .
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( m > to and one can again

expand around Cm > to obtain a gaussian

Afapproximation :
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Lets use this Gaussian approx . to calculate

correlation f- Ns above and below To

§
at h=0 .
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Where Mk is the Fourier transform of MCP )



within Gaussian approximation ,
the partition

fn is :

tho
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where § ~ 1- .FfttThus . as r → o Cie . as T  → To )
,

the

correlation length diverges .
This b a

hallmark of a Second - order transition
.
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Thus using the above result
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Thus again .
as t → 0 Ci . e . as T → Ti ) ,

the correlation length diverges
.
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Criticalexponentsn ,
w :

-

Going beyond mean - field ,

the actual correlation

functions behave at

gp -7,113
( men men , ) > N
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Thus within mean - field . f- O and D= Iz .

-



Quantum Phase Transitions
-

Quantum fluctuations provide an alternative route

to go from one phase to another .

This is

most manifest at zero Kelvin when there are

no thermal fluctuations . Interestingly ,
as

earlier discussed in brief , one can map

a quantum system in d- space dimensions

at zero temperature to a classical

system In dtI - space dimensions at

non - zero temperatures .

This mapping
therefore translates quantum fluctuation

in d-dimensions to classical fluctuations

in dt 1 . dimensions
.

One of the simplest example of a

quantum phase transition is provided by

an Tsing model in d=1 in the

presence of a transverse magnetic field
,

to which we now turn our attention
.



Transerve Field Ising Model ind÷
The Hamiltonian is given by

ti =
- J.fr?ri2ti-h?.rix
y e

Ising Coupling Transverse field

When h=0
,

this is identical to 1L

classical Tsing model .
which , as you recall

,

can be solved using
Transfer matrix method

.

Also ,
it's crucial to note that the

above model is very
different from

the '

longitudinal field Ising model '

,

ti :  - J .?ri2oil - h.gr ? which

doehave the rE→ - r ? symmetry
( we will refer to this symmetry ay

6

Ising symmetry
's

as is conventional )
.



Symmetry

of H :

.

The Tsing symmetry of the transverse

field Isivg model is a consequence

of the fact that .

ut Hu = H

where U = ,Iri×
Note that utu = 1 and 02=1

Also Ut t.EU = - r ? and

therefore if we add a longitudinal

field § r ? to H
,

it will lost

the Tsing symmetry .

Since symmetries can be spontaneously
broken

,
we next ask : does the

ground state G) of H have the
Tsing

symmetry or not ?



Spontaneous symmetry Breaking in

the Ground state ?

To address this question ,
we consider

the two limits '
. Js > h and J<< h

.

�1� J 's> h

This B the familiar limit because in

this limit the ground

stalecseesentially
behave

like the classical Id Tsing model at

T= 0 Ch=0 ) . At h=0 ,
there are

two ground slates :

144, > =tlm ; Hd = gt It > ;

Therefore at h=O
,

the spectrum looks

like :

=

ly Gob = OCJ )

⇒> 142 >



The two ground slates 141 >
,

142 >

break the Tsing symmetry spontaneously
because unlike the Hamiltonian H

,

14,4 , 142 > are not unchanged by

the action of unitary U = itr ? .

Specifically , Ulys } = 142 >

Ullk > = 1101 >

i. e . the two ground States interchange

under the action of H .

Therefore .
the Tsing symmetry

is

spontaneously broken at h=o
.

what habbevs when Wto but

sliee hk J ?

The two ground States will mix with

each other at N' th order in

perturbation theory in h because
one has to flip all spicy to go from



key > to 142 >
. Therefore ,

the

degenerate perturbation theory will now

yield the following two eisenstatey
,

14 's > =g±[His > two > ]

14 's = 1- [ 1µs > - 142 > ]
JZ

with the eisenenerg difference
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where 2 ~ dog ( Jg ) .

Thus , the

spectrum
looks likeEL

- Ef~f&L
to wks=p 14 's >

In the thermodynamic limit , L→&
,

the

too eisemstatoh are again degenerate .


