
free energy in the Mean . field
Theory

.

Above we claimed that for TCTC
,

M€0

solution has a lower free energy .

Let's

show this explicit .

The effective Hamiltonian at h=o is

H =  
- Jmz ? S ; + Jmtmb

2 = Byftp.JMZ?nsi-BJm2$rb

= e- BJMENBepilog[ ZWSHCJBMZ ) ]

⇒ f  = - T dogZ
- ,

= Jmt Nb - N B log [ 2wshCJBm% ?]
=

Jm2z2N_
-

Nftlog
[ 2wswCJBm2)]

( Nba 2¥)
first as a cheek we not that

2Fzn=o gives
- I

JMZN = NBJBZ tnhCJBm2 )

or ; M = tank CJBMZ )
which B exactly the self - consistent earn



we derived earlier .
this is reassuring .

when
•

m
' is small Ci . e. close to

Putative To ) ,
one can Taylor expand

F :

F E -m2z2L - * Iog2

- Tdogc 1+(BJz÷nz)2+(BJgn_y)4 )
+ .  . .

keeping terms to O(m4 ) :

IN
E

Jm22_z - T [ (BJy_ys)2+&Jm_i§
4 !

- ( BJmz)4

=

¥211
-Boat ]

+ p3(Jz)4 4

-

M - TIOGEZ )
12



This B a very interesting
result !

�1� f  =¥,

is symmetric under

M → - m as
it should be :

since h=O , system has s→ - s

syntmerty .
And since m =< s >

,

m→ - M sym . for F .

�2� In taylor expansion ,
the two

lowest terms consistent with m→ - M

sym . are indeed WE and ME
,

as seen above .

�3� Most importantly ,
the coefficient of

Mt term changed at T=Tc
.

The mt term is Jm22 [ 1- BJZ ]
= Jmfz

2-

2-
4- Top] .

Let's plot F 1
.



*k¥I¥iIIE
:*

Because of the sign change of the

m2 term at T= To ,
f has

global mining for M¥0 and

a local maximum at who

for T< Tc .
This is why there

#solutions to Zfn=o earn .

Recall the following figure :



"

'

m

The actual solution will be Mo

if he -

- Ot and - Mo if her

C he external magnetic
.

field )
.



Plotting f at a €n of mis

thus very insightful .
Now we can

free ourselves from the burden

of calculating partition fns and

just write down the free energy
based on symmetries :

When h=0 .
m→ - M sym :

f  = rmt + um4

n= ate ,

so that for T > To ⇒ r > 0

⇒ m=o only minima of M

⇒ no SSB
.

similarly for

Tete
e) r < 0

⇒ M¥0 global minima Gee fig .

On last
⇒ SIB . Pase )



This quick and dirty appraeh goes

by the name of Landau Theory .

Let's redo this analysis
with k¥0 .

Now there is nd M → - M

sym . =) all terms allowed in f :

f- = rmt - hm + um4 Ch > 0
,

u > o )
Now even when n > 0

,
one finds

a global minimum at |m==| .

( assuming MKI , we keep only the lowest

order terms )
.

df*÷%¥:
m

Thus when k¥0
, m is always

non - zero .



Let's also consider the limit

h→ 0 .

Nothing changes for T > To ,
m→O

f
f= + m2+m4as

e×tedetµ_ + nmnasto
.

m

But when T

÷
h > 0

t±÷t*¥¥emo
when h→ Ot

,
the global soln .

is

+ Mo • similarly
when h→ O

-

,
it

is - Mo .
One might wonder if

his really going towards zero why
Is one soln proffered over the other ?



The reason is that one is

working in the limit .

ht htLAF ]

h→otN→*

and not ht ht [ IF ]
= N→*

htsot
where DF is the free -

energy
difference

between the two minimal
.

AF a h

Nmo⇒ ht ht LDF ] = a

w→o+ N→n

wht
.

hf→o+HfI= o

}
This is the essence of Spontaneous

symmetry Breaking .


