
Exact solution of 1d Ising Model

÷J.ES; sit ,
-

h§ ;

Periodic

2 =
ZEBB.sisit , +

pn.gs#ak9Fotd

{ s ; }

=

{§g it
§BTsisitstphs;]

There is a smart
way

to do the above

discrete sum :

2 =

{
Egg ¥

§' sisititkhcsitsit , ) )

Think of ( i
,

it , ) as the row and column

dabelk for a 2×2 matrix :

QBJ sisititpzhlsitsitr )
S

,+e=

1 Sites = - 1

= se 1(
Both '

e-
BJ

|E
Msissits

- BJ BCJ - w )
Si= -1 e e



=) 2 = [ Mszsz Mszsz - MSNSI
S

, , 52

- - . SN

= Tr[MN ]
= air + air

where A , ,
Az = eigenralues of M .

Let's find At, Az .

at E:#Isonto
⇒ A2 -

yeBJ(ePh+EBh ) + e2BJ - e- 2BJ=o

⇒ A , ,z
= @

Fc ephteph )

e=[e2iT±
✓

- 4 [ e2BJ
-

IZBT ]
-

2

= e

BT
[ ushcpsh ) ± bing.FM ]

⇒ 71 = em Lcoshcpw ) + tenters )
yz=eBJ[ WSWCBW ) - sina.FM



z = a :[ It (E)
"

]

as N → a (¥1)N→o since }÷< 1

⇒ e-
BF

= As
"

⇒ F  =
- TNlog(As )

⇒ f  =

NI
= - T dog [ wshl Bw )

-

t.IT#h+eEBJJ
JT

In the limit BJ >> I >> Bh

f  =
- J - T log

[1+1*2]I
- J - Ihl

y- this is exactly
as expected" " ¥} s↳pe= - h from the g- s .

energy calculation
.



What about non-zero Bh ?

⇒ f is completely analytic as one
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see from the exact expression ;
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plot of Free energy deity vs W for Id Tsing

C J= BJ )

Its apparent from this

plot that free energy develops

singularity as BJ > > 1 and BWK 1
.
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Above we showed that the free energy

density of the Id Tsing model Is

given by :
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Let 's cheek some limits .
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Let's restrict ourselves to h=O
.

Recall .
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This is completely analytical fn
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X diverges as

t→0 Coney)
as expected .
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