
Identical Bosons without  Boson

number conservation

There exist  identical bosons whose total number Is

not constrained by any
laws of nature .

The

most prominent example is photons - for example

an atom in an excited state can undergo a

transition to a state of lower energy and emit

a photon in the Process Cto conserve energy ) .

since the Photon number is not conserved
,

the

concept of canonical ensemble is

meaningless - the only conserved quantity 13

the total energy whose conjugate
6 chemical potential '

is B-
' ) and there 13 no chemical potential

conjugate to the total Photon number
,

which is

allowed to he anything •

One haltsumover all

possible photon occupation numbers .

A photon with momentum P carries an energy

CIPI . In addition , Photon carries a polarization

which can take two values Gay , ± 1) .

Assuming
that the photons one nonintersecting

-
.

C this is a good aten )
,

the single

particle energies are : Ep→r= CIPI where t.tt

denotes polarization •



Recall that the grand partition f "
is given by

n

- BH
2 = Tr e

= I e- B§tNpr Epr

{ npr }

where Npr is the occupation  of the single

particle level with momentum F and

polarization r
.

We already did this exercise

earlier when we discussed identical bosons In

general .

The result  Is :

% = pI(={p=p|2 where the

square stems due to two allowed polarizations ,

both of which have same single particle energy .

The grand potential R is thus given by

r =  t log 2

=  +p1¥ 2 log [ 1- EPCP ]

In the thermodynamic limit
,

the single particle

levels are closely spaced and we can convert

the sum into an integral .



Assuming that the Photons are localized in

a box of size V
, { → IS d3k with

P= ttk
.

( 2T )3

⇒ R = plate ,
f disk dog [ 1- e-tsohky

a
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Define R = B ctk

A

⇒
R=p±¥ap[p÷+n , }

!d×nhlogltenrt

Doing integration by parts

:r=÷¥pFens 'sFEE :
o

=  

IE , .EE#tIdxI .

The integral§dxx_a=

SCAH
)mats . )
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where Matt ) is the Gamma fn ( = al
.

for integer ' a9 )

and } Catts ) = Is n1a+ ,
Is the famous Riemann - Zetaf ?



for the case at hand , °§en÷,
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⇒ r=÷¥ , .EE# ÷x¥
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|¥8_t5T=45-=|Recall R= - pv

⇒ lp.s.FI#
Since DR = - Sdt - pdv

⇒ s =

-21
2T

further
,

E = TS - PV =TSTR= - toad+ R

⇒ ¥= Fee Fa = 3 .





Alternative way
to calculate Photon energy :

E =p×

.

¥ tufk
× e¥r=e

Two polarizations Energy of T
photon at Bose occupation factor

momentum k→
for photon at k→

= 2 V the k

.4tk2dk
# fee

Clearly scales as
T4

.
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.

surface
fun

Question : Estimate the n temperature of Earth

knowing the surface temperature of Sun and

geometrical details ( radius of earth & Sun ,

distance between earth and sum ) .

See Pan

112

Anorak

decline notes
.

Team = Tam ' ' ftfadiamaiustoshetartnsorbitf



High Temperature expansion for

free bosons and fermions .

The grand free energy
is given by

Beg =
- ppv

=
- nqeogf#EBczInI )

where N = t I for bosons and - I for fermions
.

⇒ pp = - Ifdbklogu-ne-BI.az ]

8T 3

where 2 = e

BM

The value of 2 is determined by requiring that

the total number of particles is N .

⇒ N = f 1-eBz#m

If
- N

⇒
p =

Ng
=

gtf ,
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- Ne



In the high - temperature limit . from classical

statistical mechanics .

we expect that µ will be

large and negative ⇒ 2= e
BM will bevery small .

This motivates one to do the above integrals by

tayor expanding
in powers of 2 .

But let's first

•
Non - dimensional ze

' the above integral .
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⇒ ps3 = 2-tn÷ t I t - - -
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This equation can be solved recursively ,

For example ,
to the lowest  order

,
ZHIp A3

.

At next order 26 )
= py3 - 2126332

2312

=p
23 -

Nz ,z[ps3 ]2

and so on . . .

Lets keep terms to order ( p 32 so that

z E p As - I I pass] 2
.

2312

Let's use this value of 2 C =
EBM ) to

calculate the pressure at high temperatures .



The equation for pressure is
.

BP
= - I Sd3k logs I - na
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( integration by parts )
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Again Taylor expanding in 2 :
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.
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Substituting 2 I p t -

any ,zfp32



⇒ B Ps3 = pas -

any,zIpa3]2

+ N t . .
.

⇒
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⇒
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Compare this with an ideal classical gas
where .

P = PT ⇒ for bosons C N = +17
,

the

pressure is tess compared to an ideal gas

in the high-temperature regime ,
while for

fermions Cne
- 1)

,
the Pressure exceeds

that of a
classical gas . This makes

intuitive sense •
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