
Bosetinsteincondensation
Consider bosons with single - particle levels

EP = PI
.

The ground state is

ZM

clearly obtained by Putting all bosons

in the single particle level corresponding

to P = 0 .

⇒ photo÷
• Epzo = 0

.

At to .
all bosons in the zero energy single -

particle level .

What happens as the temperature becomes

non . zero ? Does the number of bosons in the

ground state continue to scale as N
,

the

total number of bosons ?

To answer
this ,

we need to determine the

dependence of the chemical potential µ on

the temperature T
.



first consider T=0 .
Since all particles are in

the state Ep→=o = 0
,

N = ht 1-pm Epth - 1

This Is a strange looking equation .

The RHS is

large a N .
For LHS to match up ,

we must

have IBM ~~1 .

More precisely ,

IBM - 1 = ÷
⇒ pµ =

- dog [ It ,÷] a # ( n > > 1)

⇒ µ
=  

- I as T→ 0

N

Thus , µ
is negative

and essentially
zero

.

what habbewa at a non-zero T ? Denoting

the number of bosons in the ground state by

No ,
the particle number conservation dictates :

N = Not E np→

EP.to#Nexcitd
Let's determine the seiond term above :



Nailed
=

¥ ,
3 |de3kTEk%wm=

One clearly requires that µ< o so that

NT
= 1- > 0 for k→~~ 0

.

@
Bendana )

- 1

without borrowing anything else about µ ,

Nexoiled Cµ7 f N excited

Cµ=%=V2t[2mq]%T3bfenn÷dn
0Themost crucial point is that the integral

fenM"g2_d× conveys .

Therefore if

°

÷ > zafnmaj
' th reheated

theabove integral

then No # 0 and B proportional to N
.

Thus at large densities Cie . P >~fm=g3'zTEf

a macroscopic number of Particles continue

to occupy
the ground state

.

This is

Bose - Einstein condensation .



An aside on integrals of the form
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One direct consequence of BEC is that

the chemical potential continues to remain

Zero as long as the above relation between

density and temperature is

satisfied
.

This
is

because .

to satisfy the equation .

No = 2 N = If e- PM
- I

fraction of

total particles in
one necessarily requires

p→=o state

µ , TINS
= OffNwIIero a

.

Clearly ,
Nd → O As

Entz 2-612

N 11 11

f- →

2*[2%2]
3k Tk rest ) Esc3D

Therefore ,
at the critical temperature To ,

F- = 2t[2F]% To
"

Fz 2.612

-or , NAFe=2.6I#
where AFJ¥mt = JEF if we set t =L



Thus
,

for T s To
, µ= O and And to

while for T > To , µ so and Nog
= O

d

MI

To

Aµ I →
This is an example of a thermodynamic

phase transition .

-

. thermodynamic quantities
such

as chemical potential and specific heat are

singular functions of the temperature .

Let's calculate properties below To and in

the vicinity of To .



Thermodynamics below Te Ci - e .
in the BEC phase ) :

-

Since µ= o Cin the thermodynamics limit ) below To
,

the grand partition fn is given by
.

.

• = I Kerstin)
⇒

- BF  =  - g. dog I y - I
Bk%m

]
A

⇒ F  =

1¥ ,

§4A K2 log E I - e-
Bk%m

] dk

Integrating by parts ,

F  = 2¥,
f 313 doggy -IBk%my/? } this is  zero

-

{
gust"m_×t2km

dk }
3 [ I -I Bk7zm ]=÷m4YETn#

N

= I [ zmtjk sesh doe
I k= Bhim ]

6*2 me -2 ⇐
= -

cvyzt where C is a positive number
.
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Pressure P =
-

IF

In
=

GIT
,

=

25g

-

⇒ fpv=z]
Note that the pressure P = is independent

of the volume ! ⇒ compressibility
=

- d¥
is infinite .

-

Specific heat Cv = d fu
= Ex I ¥ ' '÷ ¥

,

N T 312



Correlations in the BEC phase :

The Hamiltonian of non-interacting bosons way
be

written as H= §fz¥matpap ] where Atp

creates a boson in the single particle level 1157 .

The correlation f n Later) acres > p=TrEBHatCr7a#
tre

BH

is interesting to calculate since it has a definitive

signature
of the BEC .
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= the t ÷ , f d3keiR→ ,

eBk42m - I

When Ir' -pl > > thermal length ,
most of

the contribution comes from k ← JET

⇒ Later, acres >

= E Id B K2

-~ No * 2M€ -

where c > o

-
-

is a  constant
.

v p tr'
- rip

⇒ Later) acres > to as Ir '
- ri → a

and the spatial dependence B power - Law ( and

hot exponential )
.
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These are signatures of spontaneous symmetrybreaking' which we will discuss in much

none detail in the context of Ising
models .



Thermodynamics in the vicinity of Tc , just above To
.

As temperature becomes slightly larger than Tc
,

chemical potential becomes non - zero .

Therefore , µ

is a singular f " of IT - Tc .

To find µ CT )
,

Iet's recall the equation for total particle

number
. a

F- = at LET "'T "Ye7÷F#
O

This
is

exact

One finds that C see schematic argument below )

,
asymptotically

.
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Thus for small µ ,
this integral differs from it's

te o value by OCT ) .

Also note that

Me - Ik ) =  - 2 TF s O

⇒ ÷ ,

= If ,

I I -  e tu ]

where c > O

2

⇒ 1µL ~ IT- Tc ] Ite

⇒ 1m~-e÷
-
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Aging
T - dependence of M , one finds a cusp

singularity
of the specific heat at Tc :
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