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A Hamiltonian of the form

a
n

H = I h ; is called non -
internet .my/free/

;

.

Separable system

Where different Tui commute i - e
.

Eti
, "hj]=0 .

The most interesting feature of such H is that

the

partition
fn factorizes .

Classically ,
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Quantumly ,
- BH

2 = Try
,
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- - N

e
or

a

= Try e-
BT ' Trzetstk - .  - Trn e-

Btw

C recall E hi , hideo

= II Zi q Trifid by assumption )
.
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Examples of separable systems :

-

it
-

-

FEELtrick
:3 ]

-
hi

- H = he ? 7.2
, (£

? = Paulimatrix along E)

Examples of non - separable systems :

- ti = Eightiiicni I t.IE
, igxi- ki )

interaction between particles.

-
te = JEFi '

ri - isj belong to vertices

Lij > of some graph lattice
.

Sometimes
, aeseemingly nonseparable system can be

miadeseparable after change ofvariables .

e.
g. H=§5iImt¥ki-xi*K=ZzIkmtwExn← normal

k modes .



A couple examples
-

:

① free non - relativistic gas C again ) :

H = m

treads
where rent -

- o

inside the box and

A outside .

This is a separable system .

N

2 = IT Zi
i. =L

-

N ! - due to  identical particles

where 2 ;
 = fd3pd3x e-PEPIN#

h3

-

- TETE .

= ¥
where D= he = thermal de - Broglie

VENT Length .

⇒ z ±If#IFNl
•

F  = - T log 2



= - T I Moog Ipg
- Neog NTN ]

=  
- T Moog #yes] = extensive since

U

µ-
=

Ip is

intensive
.

Now let's use df  

= - Sdt - PdVtMdN

to calculate physical properties .

-

'' = .

¥1
. .

=

µ÷÷÷
.

analysis  on

this page
-

in d- dimensions
.⇒ 1Pr=Nt ) as exbeded .

-

Average energy
= EEG) e-

BE

a-
E § I

BEC e )

= j2dog2e
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Since dog 2e ~
- N dogs

'
n N dogT%¥NeogCB)

- -

⇒

/EaN¥⇒fr=zIJ

S =  
-

daff Ir
, n

=
N log 1¥ , ]

+3N
= (EZF) IT as expected .



② H = - he ? Si Si = I I

Again separable .

Bhs ;

2. =fs¥±e
,

[ = I 2wshCBh7 ]
"

Nole that here we do not divide by
N !

because
different spins live on different

lattice sites and hence are distinguishable .

N

③ H =

71212MtIzmw2q7
] in d- dimensions

=L

Again separable . N

- Bp2 - Bmafq32=4ddpen?fddqe)
-

=fEEFI
"

1-
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= ⇐ I



⇒ F  =  
- Ntd dogEw ]

E  = - 2 dog 2

_gp
=  tf

DN dog C Btw )

=
I DN

[equipartition
'

of energy
-

.
each gaussian

mode contributed

Mzt energy ]

specific heat /cN=Idd1µ=d=I

④ Homework : H =

. ?!§!Pil
"

t d 19 :
1B ]

A

Use the integral I e-
AM N°-1 doe

=°tree ) tar

To get an intuition for this integral ,
work it

out for ab L using
saddle point .



Grand Canonical Ensemble

-

Sometimes it's easier to let not just the energy ,

but also particle number fluctuate .

This is

Called grand
canonical ensemble .
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Again , restricting focus to subsystem A
,

And dropping
the subscript A ,

the expectation

value of
any

observable within GCE is :

( 87 = Tp one-
Bet - renal

-

Tr e-
B Cti - pin )

The trace is over all configurations with all

possible values of 7
.

The denominator is sometimes called
'

grand partition f?
-

Recall that in the canonical ensemble ,

2 = Tr e-
B "

was equal to e-
BCE - Ts )

What is Tr
ECB" - MN )

equal
to ?

a
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'
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'
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In the thermodynamic limit the scum will

be dominated by
Nxt that satisfies25,1

- pm

q
=

Nxt



denoting
N*= Cnn ) by just N

,

A =
EBAN gde

,

e

SCE

's
N ) - BE

'

= EBAN
- BEC Ngv ,

T )

⇒ Eg
Iet - Tioga

= F - pen = E - TS - MN

Where E
 

= ( ti >
.

⇒ /dly=-SdT-pdV-Nd#
-

Further ,
since

E
 

= TS - Pvt MN

-

⇒ leg=
-Put

-



Number fluctuations in GCE

-

Analogous to the discussion of energy

fluctuations in canonical ensemble ,
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= 2=411
= deny ~
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-
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N

⇒ particle number density
is well-defined

-

despite fluctuations in particle murther
.



Example of GCE !

-

① Non - interacting gas i
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