
Examples :

① Consider N classical Spins S

;
which take two valves

Si
 

= I 1
. If the Hamiltonian is

H = h E.
,

Si ,
what is the probability of

the configuration where all si
 

= t I at

temperature B
- I

?

Ans : Energy of the configuration
where

all si  att :

N

E = Nh
- B HE Si

Partition fn 2 = § e

'

' = '

=

s ,

.si?.sneBhFsIqeBh9qePh.Ez-ehsn

= [ e- Bht e

Ph ]
"

⇒ Probability for all Si
 = t I

- B Nh
= e

if
 so

[ e-
Bh teeth ]N As expected ,

the

probability → t I as Bt N Cie . Too )

if h DO ,
and probability -00 as Bad

if he 0 .



② In this same model
,

what  is the probability
of finding zero energy

at a temperature B
- I

?

Aus : Zero energy States correspond to

Np = My =

Nz a

⇒ Probability = ezI×!# of states with E = O

Cosi
N

N 2
= =

qetpwzph ]
N

ZCB )

As one may
note

,
this probability → I as BAO .

This is because at B = o Linh . nite temperature )

almost all States have zero energy .

③ Consider a single particle in a box with

-

volume V . The probability of finding the

312
-

particle at momentum P=⇐m]eB¥m ,

exactly as we found in micro canonical

ensemble
.



Quantum Mechanical Canonical Ensemble

-

Probability
Pn for n' th eigenstate En >

- B En - BEN

= e- = e

§ e- BEN FBI

Correspondingly , expectation valve of any

operator 8 at temperature f-
'

= I S Enl 8 En > Pn
h

= In e-
BEN

s En 181 En >
-

§ e- BEN

= TrlI
B "

8 ] Itn #Bhf

Correspondingly ,
the quantum mechanical

partition f n is :

|-BEn\
2 = § e

= Trace ( e-
BH

)

-



There are two ways to arrive at above

equations- By maximizing entropy
subject

to the

constraint that energy
is fixed .

*

S =  - Z PCE n ) dog peen ) } S= Shannon

n entropy
-

Afl
?

PCE
n ) En ) - E ]

I

-
Az En LpcEn ) - I ]

Where A is z amore Lagrange multipliers .

We need to extremer over PC En ) ,
ha , Az .

⇒ gs =  
- §8PCEn) - In flogPC En )]8PEn )

- As § Spc En ) En - Az En SPC En )

- She I In PCE n ) En - E ] - -822 Ending
⇒ O

Collecting terms proportional to SPC En )

and Setting them to zero ⇒



- I - log PCE n ) - Ase En - Az = O

- As En
⇒ peen ) A e

- As En

Normalizing . PCE n ) = e-
Enese- hasEn

One might guess
that As = B .

To see

this
,

note that for a small vrairiation

in energy SE
,

8S*  
= O

⇒ SS = As 8E

⇒ As = B since B -

- SI
SE

This argument works also for classical systems
.



- Quantum Canonical Ensemble from ergodicity
( Heuristic ) .

Similar to the argument for classical derivation

using ersodi city , one expects that an eigenstate

for the full system takes the form

eisqtdteott.tt geisenstak
of

H B

Bi ⇒ -

- ee 's
where Ci ; are random

( Gaussian variables .
This gauranteses

that all States with total energy E

contribute equally .

From this , the

reduced



Partition Function and Free Energy
-

- B ECC )

Let's calculate

22
= § e within

saddle point approximation .

- B Ecc )

2 = E e

C

= ¥ e

SCE )
e-

BE
= gdeesce

) - BE

9
# of config .

with energy E
.

Since both SCE ) and E are extensive .
one

can perform the above integral within saddle

point.
Sc E* ) - B E*

z - e

where §fz/e* = B ⇒ 2 get 's

contribution primarily from states that

correspondsto the temperature B ,
as expected .

E* is indeed the expectation valve of

the Hamiltonian at temperature B :



CHIP
= E Ecc , e-

BEC c )

C

-

{ e- BE cc )

= fdE E e

SEE ) - B E

-

SCE ) - B E

Sd Ee

= Ext e

SC E* ) - BE #

-
= E *

eSCE* I - BETA

We will henceforth denote Lte >
p by just

E
, and drop the asterisk

.

This B the

thermodynamic energy
E at temperature B-?

- BE E - Ts ]
⇒

Eck
e

- BF
= e

where we have defined a new variable

F ,calledHedmholtzfre-eenevgy.gg as

-

I F  = E - TS→



The differential DFsatisfies

df  = DE - Tds - s DT

= Tds --
Pdv - Tds - Sdt

=  - Sdt -Pdr -

Above , we used DE = Tds - Pdr assuming

the parotid number is fixed i . e -
dN=0 .

Move generally ,
one can also change energy

of the system not just by heat C Tds )

on work C- Pdv ) ,
but also by adding

particles to the system . Defining the

c#¥
A as theenergy

added per particle at fixed volume and entropy ,

d E
 

= Tds - Pdr t µdN

⇒ /dF=-SdT-PdVtMdN#-

Systems in equilibrium have same

temperature Cnthermal equilibrium , ,

pressure C n mechanical equilibrium ) and

chemical potential Crr chemical equilibrium ) .



Implication of Extensively of Energy
-

E CAS ,
AV ,

AN ) = A E ( S ,
V

,
N )

Differentiating w . r .
t . A and using chain rule ,

as .su .sn ) t attaining

2¥
I

- say 2A

ads )

+

ITD.zv.sn#2fCjNI--Ecs.v.N)saw
)

⇒ If %+¥%t¥n%]=
Ecs .mn ,

Setting 1=1

⇒

/ECS,v,N)=TS-PVtµN#

-

⇒ FCTgr,N)=E#f| =
- Pvt MN .

-



Energy Fluctuationsin Canonical Ensemble

-

Probability

PLEO
) of finding energy

Eoa e-
B Eoe

SCEd- g CE o )

= e

where g CE o ) = -BLE o
- T SC Eo ) ] is shortly

beaked at E o
= SH >deft as discussed above .

By Taylor expanding ,
one can quantify how

sharp lily peaked the energy
is .

gceo ) = get ) t¥f¥oE

tfz.fr/CeE-Eo5
⇒ peed a E3¥.se/eo=eCE-Eof

3¥ . ;÷⇐÷
.
,

-

- Eeoc '⇒=÷i÷

where Cr B the specific heat£ ¥2 IT

constant volume .



⇒ p c Eo ) y e-
( E - E

0542
@E)

2

where (8E)
2

= T2 Cv is the variance

corresponding to energy fluctuations .

Since Cr = ZIG is extensive ~
N

.

⇒ 18El n TN

⇒ l¥ ~

few
⇒ relative fluctuations

are small
.

and

distributed in a

Gaussian manner as

Shown above .

" e :/ !
"

E

= LH >

What if the subsystem is not small

compared to the total system ? VA -_ Ours)

See pset - 2 .



A slightly different view :

( ti > = E  
=

-2222B

c.=

fee = - piaf =  -1B '

337.

-Eiffel
'

= ps2
lstiz> - stik ]

= p2 @E)
2

⇒ &E)
2

= Cv T2


